HOMOTOPY TYPES OF STABILIZERS AND ORBITS 
OF MORSE FUNCTIONS ON SURFACES 



SERGEY MAKSYMENKO 

Abstract. Let M be a smooth compact surface, orientable or 
not, with boundary or without it, P either the real hne or 
the circle 5*^ and 2?(M) the group of diffeomorphisms of M act- 
ing on C°°(M, P) by the rule h ■ f = f o h-^ for h e V{M) and 
/ e C°°(A//, P). Let / : M ^ P be an arbitrary Morse mapping, 
S/ the set of critical points of /, I?(M, S/) the subgroup of V{M) 
preserving S/, and C'(/), and 0{f,Y.f) the stabi- 

lizers and the orbits of / with respect to 2?(M) and 2?(A/, S/). In 
fact5(/)=5(/,S/). 

In this paper we calculate the homotopy type of iS(/), 0{f) and 
0{f,T,f). It is proved that except for few cases the connected com- 
ponents of S{f) and 0{f,T,f) are contractible, 7r/jC'(/) = tt^M for 
fc > 3, 7T20{f) = 0, and 7riO(/) is an extension of ttiV{M) © Z'= 
(for some fc > 0) with a (finite) subgroup of the group of automor- 
phisms of the Kronrod-Reeb graph of /. 

We also generalize the methods of F. Sergeraert to prove that 
a finite codimension orbit of a tame smooth action of a tame Lie 
group on a tame Frechet manifold is a tame Frechet manifold itself. 
In particular, this implies that 0{f) and 0{f,T,f) are tame Frechet 
manifolds. 
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type 
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1. Introduction 

The study of homotopy properties of Morse functions space on sur- 
faces was stimulated in recent years by the applications in symplectic 
topology and Hamiltonian systems [TliniEllliaiinillHlliniES]. Con- 
nected components of this space were described in [TH EH CEl EHj • The 
cobordism group of Morse functions was calculated in |lUj . 

In this paper we describe the homotopy types of stabilizers and orbits 
of Morse functions on compact surfaces under the action of diffeomor- 
phism groups of these surfaces. Applications of these results will be 
pubhshed elsewhere. 
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Let M be a smooth compact connected manifold, orientable 

or not, with boundary or without it. Let also P be either M or . The 
group V{M) of diffeomorphisms of M naturally acts on C°°{M, P) by 
the following rule: if h e V{M) and / G C"^(M, P), then 

(1.1) h-f = foh~\ 

For / G C°°(M, P) let = {/i G P(M) | / o /i = /} be the stabilizer 
and = {/ o I G T'(M)} the or&zt of / under this action. 

Let be the set of critical points of / and V{M, Sj) the group of 
diffeomorphisms h of M such that h(T,f) = Sj. Then the stabilizer 
iS(/, S/) and the orbit S/) of / under the restriction of the above 
action to V{M, Sj) are well defined. Since S{f) C V{M, Sj), we get 
5(/,S^)=5(/). 

We endow V{M) and C°°(M, P) with C°° topologies, and their sub- 
spaces 0{f), and S/) with the induces ones. 

Let / : M — s> P be a smooth mapping. By a level-set or point- 
inverse of / we mean a set /~^(c), where c & P. This set is critical if 
it contains a critical point of /, otherwise, /~^(c) is regular. Similarly, 
a connected component u of /~^(c) is called critical if it contains a 
critical point of /; otherwise, u is regular. 

Definition 1.2. Let f : M ^ P be a smooth mapping satisfying the 
following two conditions: 

(i) / is constant on every connected component of dM and 

(ii) critical points of f are isolated and belong to the interior of M. 
Then f will be called generic if every level-set of f contains at most 

one critical point; f is simple if every critical component of a level- 
set of f contains precisely one critical point; f is Morse provided all 
critical points of f are non- degenerate. 

Evidently, every generic mapping is simple. 

Let us fix once and for all some orientation of P. Then for every 
Morse mapping / : M — >■ P the indices of its (non-degenerate) critical 
points are well-defined. 

Throughout the paper we will use the following notations: = M/Z; 
/ = [0, 1]; is the closed unit disk in R^; S"^ the unit sphere in M^; 
MP^ the real projective plane; Mo the Mobius band; T"^ = x the 
2-torus; and K the Klein bottle. 

The main results of this paper are Theorems 11.31 IT751 and II. 91 below. 
For each of them we will give at first a brief idea of proof. This will 
help the reader interested only in some separate result of the paper 
extract the necessary proof. 
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Theorem 1.3. Let M be a smooth compact connected surface and 
f : M —* P a Morse mapping. Denote by 5id(/) the subset of S{f) 
consisting of diffeomorphisms that are isotopic in S{f) to idM, and en- 
dow Sidif) with the induced C°° topology. Suppose that either f has at 
least one critical point of index 1 or M is non-orientable, then Si^{f) 
is contractible. Otherwise, Sid{f) is homotopy equivalent to . 

Remark 1.4. Denote by and the space S{f) with 

and C° topologies respectively. By the definition iSid(/) consists of 
diffeomorphisms isotopic in S{f) to idAf. Hence iSid(/) is the identity 
path-component of Let i5id(/)' be the identity path-component 

of S{f)°°. Since the identity mapping id : S{f)°° S{f)^ is continu- 
ous, we have that 5id(/)' C Sid{f). 

On the other hand, by Theorem 11.31 Sid{f) is connected when en- 
dowed with C°° topology, whence Sid{f) C 5id(/)'. Thus Sid{f) is also 
the connected component of S{f)°°. 

Theorem 11.31 is essentially new only for non-orientable surfaces. For 
orientable ones it is a simple corollary of ^Tj. Notice that if M is 
orientable then there is a flow on M such that the level-sets of / con- 
sist of full trajectories of Let D($) be the group of diffeomor- 
phisms preserving every trajectory of $ and Pid($) be its identity 
path-component. Then it is easy to show that <Sid(/) = V^di^), see 
Lemma (3.51 and (1) of Lemma l5.ll In ^7] the author gave the condi- 
tion on a flow $ on a manifold M for Did($) to be either contractible 
of homotopy equivalent to S^: the flow $ must be linear (in some local 
coordinates) near its flxed points. Since / is a quadratic form near 
its critical points (by Morse lemma), we can choose $ to satisfy that 
condition. 

If / has at least one critical point of index 1, then $ has non-closed 
trajectory, whence by [T7j Vid{^) is contractible. Hence so is 5id(/). 

Otherwise / has no critical points of index 1, all non-constant tra- 
jectories of $ are closed, whence again by [T7j I^id("^') = '5id(/) is 
homotopy equivalent to S^. 

If M is non-orientable, we reduce the situation to the orientable 
double covering of M. Thus we can assume that M is orientable but 
equipped with an orientation reversing involution ^ without flxed points 
such that / o ^ = /. We also have to study instead of 5id(/) the group 
<Sid{f) of ^-equivariant diffeomorphisms. Then we choose $ so that ^ 
permutes trajectories of $ changing their orientation. In this situation 
we show the contractibility of Sid{f), see Section ITTI 
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Theorem 1.5. Let M be a smooth compact connected surface and f : 
M ^ P be a Morse mapping having at least one critical point of index 
1. Let Of{f) and Of{f,Tjf) be the corresponding path- components of 
0{f) and 0{f,T,f) in C°° -topology containing f. Then 

(1) Of{f,T,f) is contractible; 

(2) TTiOflf) ~ VTjM for i > 3 and 7r2(9/(/) = 0. In particular, 
Of{f) is aspherical provided M is. Moreover, TTiOf{f) is included in 
the following exact sequence: 

(1.6) ^ 7iiV{M) © Z'^ ^ T^iOfif) ^G^l, 

where G is a finite group and k > 0. 

Let Co, Cl, 02 be the numbers of critical points of f of the correspond- 
ing indices. Then k <k where k is shown in Table \T7\ Moreover, if 
M is of type 1 or 2 of this table and f is simple , then in fact k = k. 

Table 1.7. 





M 


k 


1 


S'^, D'', X I, T\ RP^ with or without 
holes 


Ci-1 


2 


M is orientable and is not of type 1 


Cl + x(M) = Co + C2 


3 


M is non- orientable and is not of type 1 



(3) Suppose that f is generic . Then the group G in Eq. ()l.fj|l is 
trivial, whence 7TiOf{f) ~ tiiV{M) ®7l}. In particular, 7riCj(/) is 
abelian. The homotopy type ofOf{f) for this case is given in Table \1.3i 



Table 1.8. 



M 


Homotopy type ofOf{f) 


S'', MP" 


50(3) X {S'Y'-' 


D', X /, Mo 








K 




other cases 





Let us describe the plan of the proof of this theorem. Following 
methods of F. Sergeraert we will show in Appendix ^2 that the 
natural projection p : T>{M) 0{f) is a locally-trivial principal S{f)- 
fibration. By Theorem 11.31 we also have that Sid{f) is contractible. 
Then from the exact homotopy sequence of the fibration above we 
get isomorphisms between the higher homotopy groups of V{M) and 
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0{f). The similar statement holds for V{M, Sj) and 0{f, Sj). Then 
triviality of groups 7iiOf{f) and iiiOf^f, Sj) for i > 2 in (1) and the first 
sentence of (2) of Theorem II .51 are direct corollaries of the classification 
of the homotopy types of Pid(M) for compact surfaces M, see Table 1?!^ 
Thus it remains to calculate TTiOf{f) and prove that 7ri(9j(/, Sj) = 0. 

First consider the group 7riC/(/). The exact sequence fjl.6|) shows 
that TTi (!?/(/) depends on three terms. Let us briefly explain them. 

Let ft: M ^ P,t e [0, 1], be a loop in Of{f) based at / = /o = /i. 
Using the fibration property we lift ft to a path ht in Vi^^^M) such that 
ft = f oht and ho = idM- 

1) Suppose that ho = hi = id-M, i-e. {ht} is a loop in Pid(M). Let 
: 7riPid(M) niOf{f) be a natural homomorphism, then {/i} = 

p*{ht}. From aspherity of 5id(/) we get that is injective. This gives 
the term 7riV{M) in (US)). 

2) Suppose that hi ^ idA/. Since f = fi = f o hi, we see that 
/ii e Thus another type of generators of niOf{f) arises from 
diffeomorphisms of S{f) that are isotopic to id-M- Evidently, they con- 
stitute the kernel of the natural homomorphism : '^o<S{f) — * vroP(M). 

Notice that hi G S{f) yields an automorphism 6 of the Kronrod- 
Reeb (KR-) graph r(/) of / so that the correspondence {ft} ^ 
induces a homomorphism 7riO/(/) Aut(r(/)), see Section ITTl The 
group G in ()1.6p is just its image. 

3) Suppose that 9 is the identity automorphism. Let 7 be a regular 
component of a level-set of /. Then there is a Dehn twist r along 7 
such that / o T = /, i.e. r G S{f), see Section [HI Thus r, as well as hi, 
yields the identity automorphism of r(/). We prove that h is in fact 
generated by such Dehn twists fProposition l8.5|) . 

Moreover, the connected components of the group of the above Dehn 
twists constitute a free abehan group J' (Theorem 16. 2|) . Since hi is 
also isotopic to ida/, it belongs to the subgroup of J' generated by the 
"relations" in T>{M) between the Dehn twists of J', i.e. to the kernel 
of the natural homomorphism J' 7TqV{M). This kernel is precisely 
the group of (\l.<j\) . 

Finally, the sum 7riPid(M) © Z^ in is direct since the image 

p^{7TiVid{M)) is included in the center of niOf^f), see Lemma IT^ 

Consider now the group 7iiOf{f, Sj). By Theorem II. 3l the projection 
V{M,J]f) — >■ 0{f,llf) is also a locally trivial fibration. Hence a loop 
{ft} e 7iiOf{f,'Ef) based at / can be represented in the form ft = 
f o ht, where ho = idM, hi G S{f) and ht G Vid{M,T,f). Let 9 be 
the automorphism of the KR-graph r(/) of / induced by hi. Since ft 
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is also a loop in Of{f), it is generated by loops of the types l)-3) as 
above. We prove that in our case all such loops are trivial. 

1) If hi = id-M, then the loop {ht} is trivial in Vid{M, Sj) due to the 
contractibility of Did(M, Ej) (Lemma \2.S\i . 

2) Since every ht preserves critical points of /, it follows that 6 is 
trivial (Proposition |H31 and Lemma f3.5|) . 

3) Hence hi is generated by the Dehn twists along regular level-sets 
of /. We prove that hi preserves every connected component of every 
level-set of / (Theorem 17.11 and Proposition 18. 5|) . This is the most 
difficult part of Theorem 11.51 We then deduce that ft is a trivial loop. 
Thus niOfif, S^) = 0. 

All other statements of Theorem 11.51 are based on the study KR- 
graph of /, see Section IHl 

Theorem 1.9. Let f : M ^ P be a Morse mapping having no critical 
points of index 1. Then f can be represented in the following form 

f = pof:M^P^P, 

where f is one of the mappings "of type {A)-{E)" shown in Table WUK 
P is either M or , and p is either a covering map or an embedding. 
The homotopy types of Of{f) and Of{f, Sj) depend only on f and are 
given in Table M.lR 

Table 1.10. 



Type 


f:M^P 


Co 


Cl 


C2 


Of if) 




(A) 




f[x,y,z) = z 


1 





1 




point 


(B) 




f{x,y) =x'^ +y^ 


1 








point 


iC) 


51 X / R 


I{<P,t)=t 











point 


(D) 


T^^S' 


f{x,y) = X, 











51 


(E) 




fi{x},{y}) = {2x} 











51 



The 



Klein bottle K is regarded here as the factor space of T^ by the involution 



ax,y) = {x + l/2,-y). 

Remark 1.11. We do not consider another natural action of the group 
V{M) X V{P) on C°°{M,P) (see e.g. 23 ). The comparison between 
the stabilizers and orbits of functions under this action and under the 
action of the group V{M) will appear in another paper (see [Tfl j ) . 

The paper is arranged in the following way. In Section|21we formulate 
Theorem 12.11 claiming that 0{f) and 0{f,T,f) are Frechet manifolds 
and that projections V{M) 0{f) and V{M, T.f) 0{f, Sj) are 
locally trivial fibrations with the same fiber S{f). Hence 0{f) and 
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0{f,T,f) have the homotopy types of CW-complexes, see [20], and 
we also get exact sequences of homotopy groups of these fibrations. 
These results seem to be more or less known, but the author has not 
found the proof in the literature. For the sake of completeness we 
prove Theorem 12 .11 in Section [11.301 The method of proof is mostly an 
extension of results of F. Sergeraert [23], see also 1^. 

In Section |21 we also recall a description of the homotopy types of 
groups X'id(M) for compact surfaces. 

Section 121 contains definitions of the Kronrod-Reeb graph r(/) and 
the foliation Aj on M induced by a smooth function / satisfying con- 
ditions (i) and (ii) of Definition 11.21 We also establish some simple 
properties of them. 

Section EJ We briefly formulate the results of |17| concerning smooth 
shift along trajectories of flows and extend them to skew- symmetric 
flows on the oriented double covering of a non-orient able manifold (The- 
orem 14. 8p . 

Sectional Using the results of Section E] we prove Theorem 11.31 The 
proof does not use the results of Section |21 and can be read indepen- 
dently. Theorem 11.31 will allow to compute the groups TTkOf{f) and 
7rkOf{f,T,f) for A; > 2 (see Section IH)). Therefore in the next three 
sections we concentrate upon the fundamental groups of orbits. 

Section ini It deals with the group V{Af) of diffeomorphisms pre- 
serving every leaf of the foliation A j on M defined by a Morse function 
/. We prove that noV^Af) is an abelian group generated by the Dehn 
twists along regular components of level-sets of / and that except for 
few cases this group is free abelian. 

Section [7| We prove Theorem 17.11 which guarantees an exactness of 
the sequence Eq. (|1.6|) . 

Section IHl The kernels of the natural homomorphisms of 7ioS{f) to 
ttqD^M) and 7roP(M, E/) are studied. They are homomorphic images 
of TiiOfi^f) and 7ri(9/(/, E/) respectively. 

Section ^ We prove Theorem 11.51 and in particular show how to 
calculate the number k in Eq. p.6|) . 

Section contain the proof of Theorem 11.91 

Finally in Appendix ^2 we prove Theorem 12.11 

2. Orbits 0{f) and O^.^f) 

The following theorem can be established by the methods similar to 
F. Sergeraert j2Sl; see also [211 El- These methods are quite far from 
our main tecnique, therefore we shift the proof to Section ril.3Ul 
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Theorem 2.1. Let M be a smooth compact connected manifold of di- 
mension m having b connected components of dM, P either M or , 
C^{M,P) the space of smooth mappings M ^ P that are constant on 
the connected components of dM. Let f G C^(M, P) be a Morse map- 
ping having c critical points. Endow V{M), ©(M, Sj), S{f), 0{f), 
and 0{f,Tjf) with the corresponding -topologies. Then 

(1) 0{f) and 0{f,T.f) are Frechet submamfolds of C^{M,P) of 
codimensions fi{f) = c+6 and fi{f, S/) = cm+c+6 resp. In particular, 
they have the homotopy types of CW-complexes, see e.g. |20j. 

(2) The projections V{M) 0{f) and V{M, Ej) ^ 0{f, Sj) de- 
fined by h ^ f oh are locally trivial principal S{f)-fibrations. 

Consider some properties of the fibrations of (2) of Theorem 12.11 
Let p : V[M) —>■ 0{f) be the projection defined by p{h) = f o k. By 
Theorem 12. li p is a locally trivial fibration. Consider the following part 
of its exact homotopy sequence: 

7ri(P(M),idM) ^ vri(0(/),/) ^ 7ro(5(/),idM), 

where di is a boundary map. Since S{f) is a topological group, so is 
7ro(5(/),idM)^5(/)/5M(/). 

Lemma 2.2. (1) di is a homomorphism of groups; 
(2) p(7riP(M)) is included in the center of TTiO{f) . 

Proof. Let us briefly recall the construction of di. Let ft : M ^ P 
be a loop in Of{f) based at /, i.e. /o = /i = /• Then there exists a 
lifting of ft to V{M), i.e. a path in gt : M ^ M such that ft = f° gt, 
go = idM, and f og^ = f. Then di{g) = [gi] G iToS{f). 

(1) Let g,h be two loops in Of{f) based at / and G tiiD{M) 
their liftings. Then the lifting of the loop g-his aioj3i as it is illustrated 
in Figure EISl a) • Thus di{g ■ h) = ai o Pi = di{g) di{h). Similarly, 
it can be shown that di{g~^) = di{g)~^. So di is a homomorphism of 
groups. 

(2) Let gt : M —>■ M he a. loop in V{M) at id-M- Then f o gt is a. loop 
in Of{f) at / corresponding to p{g). 

Let (3 G 7TiO{f) and /li : M X / ^ M be a lifting of (3 to V{M) such 
that Hq = id-M, and f = f o hi. Thus (3{t,x) = f o ht{x). 

It follows that the commutator [p{g),l3\ has the form / o -uj, where 
u = g[o,i] /i[o,i] {hi ■ giifi]) h[i^o] is a loop in V{M) (see Figure Ob)). 

Then the following family of loops g[o^i] h[o^s] {hs ■5'[i,o]) ^[s,o] deforms 
u to 5'[o,i]5'[i,o]- Thus u is nuU-homotopic and so is \p{g),/3]. □ 
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n,D(M) > n,0(f) id^ \ 

a) b) 
Figure 2.3. 

2.4. Homotopy type of Vi^{M^n) for compact surfaces. Let M 

be a compact surface and Xi, . . . , x„ C IntM mutually distinct points. 
Denote by V{M,n) the group of diffeomorphisms of M preserving the 
set of these points. We endow this group with C°°-topology. Thus, 
if n is the number of critical points of a function /, then V{M,n) = 
V{M, Ef) and V{M) = V{M, 0). 

The homotopy types of the groups Vi^{M,n) for the case M is ori- 
ented and closed were described in C. J. Earle and J. Eells [3]. For 
arbitrary compact surface M the homotopy type of Vid{M) was stud- 
ied by C. J. Earle, A. Schatz |^ and A. Gramain 0. These results can 
easily be extended to the groups Vid{M,n) in sense that a puncture 
can be replaced by hole. 

Theorem 2.5. Let M be a connected compact surface and a surface 
obtained by shrinking b connected components of dM into points. Then 
Vid{Mb, n + b) Vid{M, n) (homotopy equivalent) , so a puncture can 
be replaced by a hole, e.g. 

Thus it suffices to know the homotopy types o/Pid(M). This informa- 
tion is collected in Table W^ 

Table 2.6. Homotopy type of Ad (Af) 



M 




D', S' X /, Mo, K 




other cases 


Homotopy type of 
Ad(M) 


^0(3) 






point 



Proof. If M has no punctures, i.e. n = 0, then the homotopy type of 
r'id(M) was calculated in jHIH] and is represented in Table ESI 

Let us shrink one of the connected component of DM into a point 
Xi and denote the obtained surface by Mi. We have to show that 
Ad(Mi,l)~I?id(M). 
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Define an evaluation map e : Did(Mi) Mi at xi by e{h) = h{xi). 
It is well known 5j, that e is a locally trivial fibration with fiber 
Pid(Mi,l). Since we know the homotopy types of Vid{Mi) and Mi, 
we will be able to establish the homotopy type of the fiber Pid(Mi, 1) 
via exact homotopy sequence of this fibration. 

If Ml = or MP^ so M = L)2 or Mo, then Ad (Mi) ~ SO (3) and 
the corresponding exact sequence coincides with the exact sequence of 
the fibration of S0{3) over or MP^ by circles. Hence X'id(Mi, 1) ~ 
~ r'id(M) by Table EH 

Otherwise, Mi and r'id(Mi) are aspherical, whence so is X'id(Mi, 1) 
and therefore its homotopy type is determined only by the fundamen- 
tal group. The calculation of 7riPid(Mi,l) is based on the fact that 
the image of e*(7rir'id(Mi)) is included in the center of vriMi, e.g. [HI 
Lemma 1]. If Mi is neither nor x I nor Mo, then it is well known 
that TTiMi is centerless, whence we get an exact sequence: 

7r2Mi(=0) ^ 7rir'id(Mi,l) ^ 7rir'id(Mi) ^ = (center of tti Mi), 

implying Ad (Mi, 1) ~ Ad (Mi). 

If Ml is either or S*^ x / or Mo, then we have homotopy equiva- 
lences Ad(Mi) ~ Ml, implying 7riAd(Mi, 1) = 0, whence Ad(Mi, 1) is 
contractible. But in this case M belongs to the last column of Table 
whence Ad(^) is also contractible. 

Similar arguments with the evaluation map by induction on n show 
that Ad(^n, ~ Ad(^n-i) ''^ — !)• The details are left to the reader. 

□ 

Remark 2.7. Evidently, 7r2Ad(M,n) = and 7rfcAd(M,n) tt^M for 
A; > 3. Also 50(3) = MP^, whence 7ri50(3) = Z2, 7r250(3) = 0, and 
7TkSO{3) = ■KkS'^ = TTfcMP^ for A; > 3 (cf. (2) of Theorem IT3|l . 

Lemma 2.8. Let f : M ^ P be a Morse mapping and Ci {i = 0, 1, 2) 
the number of critical points of f ofindexi. If Ci > 1, thenVid{M,T,f) 
is contractible. 

Proof. Suppose that M is orientable. Then xM + b = 2 — 2g and from 
Morse equality Cq — Ci + C2 = we get: 

n + b = Co + ci + 02 + b = {co - ci + C2) + b + 2ci > A - 2g. 

A non-orientable surface M is a connected sum of g projective planes 
and 2-sphere with b holes. Moreover, xM + b = 2 — g. Hence similarly 
to the oriented case we obtain: n + b > A — g. Then the contractibility 
of Ad(^) Sj) in both cases of M follows from Table □ 
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3. Two CONSTRUCTIONS RELATED TO A SMOOTH MAPPING 

Let M be a compact connected surface and f : M —>■ P a smooth 
mapping satisfying the conditions (i) and (ii) of Definition 11.21 

3.1. Kronrod-Reeb graph of /. Consider the partition of M by the 
connected components of level-sets of /. The corresponding factor- 
space (further denoted by r(/)) has the structure of a one-dimensional 
CW-complex and is called the Kronrod-Reeb (KR-) graph oi f. Notice 
that the vertices of r(/) are of the following three types: (a) connected 
components of dM; (b) local extremes of /, i.e. critical points of indices 
either or 2; (c) critical components of level-sets of /. We will call them 
d-, €-, and c -vert ices respectively. 

Let pf : M ^ r(/) be the factor-map. Then / yields a unique (KR-) 
mapping / : r(/) P such that f = f opf- 

Let e be an edge of r(/), i.e. an open one-dimensional cell of r(/), 
e the closure of e, and de = e \ e the boundary of e. Evidently, de 
consists of at most two points. Moreover, the case \de\ < 1 is possible 
only for P = S^. 

An edge e of r(/) will be called external if de contains a vertex of 
degree 1, otherwise, e is internal. 

A homeomorphism 6 : r(/) —>■ T{f) will be called an automorphism 
of the KR-graph of / provided f = f o and 6 preserves each of the 
sets of d-, €-, and c-vertices. Let Aut(r(/)) be the group of all auto- 
morphisms of r(/). Evidently, each h G S{f) yields a unique automor- 
phism 6' of r(/) so that the correspondence /i i— > ^ is a homomorphism 

(3.2) A : S{f) Aut(r(/)) 

which is not necessarily onto. 

The following lemma is evident and can be easily deduced e.g. from 
A. V. Bolsinov and A. T. Fomenko PP or E. V. Kulinich J2]- See also 
A. Hatcher and W. Thurston [Sj. 

Lemma 3.3. If f : M ^ P is a simple Morse mapping, then A is 
onto. 

3.4. Foliation of /. It is proved in that if G = C is an 
isolated non-extremal critical point of a smooth function (7 : ^ M, 
then there is a homeomorphism hoiC such that h{0) = and goh{z) = 
Re{z'') for some k > 1. 

It follows that the critical level-sets of a smooth map f : M ^ 
P having only isolated critical points are embedded graphs, i.e. 1- 
dimensional CW-complexes. 
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Hence / yields on M a one- dimensional foliation Aj with singulari- 
ties: a subset a; C M is a leaf of this fohation iff lo is either a critical 
point of / or a path-component of a set /~^(c) \ for some c E P. 

Let V{Af) be the group of diffeomorphisms of M preserving every 
leaf of Af and V^{Af) the subgroup of V{Af) preserving orientations 
of these leaves. Evidently, D+(A/) and 'D{Af) are normal in S{f). 

Let also T?id{Af) C V{Af) and (kerA)id C ker A be the subsets 
consisting of diffeomorphisms isotopic to idM in T^i^f), resp. in ker A. 

Lemma 3.5. X'id(A/) = (ker A)id = Sia(f). 

Proof. As V{Af) C ker A C we have Ad(A/) C (kerA)id C 

5id(/). Thus it suffices to show that »Sid(/) C I>id(Aj^). 

Let h G iSid(/). Then there exists an isotopy H : M x I M such 
that Ho = idM, Hi = h, and Ht G S{f) so f o Ht = f , t e I. 

It follows that Ht preserves S/ and each level-set /~^(c). Moreover, 
since is discrete and Hq — idM, it follows that Ht{z) — z for each 
z & Tlf and that H^ also preserves path-components of f~^{c) \ Sj. 
Hence i^t G AdlA/). In particular, h ^ Hi e Ad(A/). □ 

Lemma 3.6. Le^ h G &e a diffeomorphism such that h{uj) — uj 

for some one- dimensional leaf lo of Af. 

(1) Suppose that M is oriented. Then h preserves the orientation of 
M if and only if it preserves the orientation of uj. 

(2) If h E Sid{f), then h preserves the orientation ofcu. 

Proof. (1) Not loosing generality we can assume that h has a fixed point 
z E LO. Then h preserves orientation of M iff it preserves orientation of 
T,M. 

Let V be a non-zero tangent vector to u at z and Vf{z) the gradient 
vector of / at 2; in some Riemannian metric on M. Then the pair 
{s/f{z),v) forms a basis of T^M. Since f o h = f, we obtain that 
Th{Vf{z)) = yf{z). Moreover, from h{uj) = uj, we get Th{v) = av 
for some a 7^ 0. Hence h preserves orientation of T^M iff a > 0, i.e. h 
preserves the orientation of u. 

(2) Suppose that h G iSid(/). If M is oriented, then h preserves the 
orientation of M, and by (1) preserves the orientation of uj. 

Suppose that M is non-orientable. Let M be an oriented double 
covering of M and p : M ^ M the corresponding projection. Then 
p^^(uj) consists of two components uJi and uj2- Indeed, this is obvious 
for the case when uj is an open interval. Otherwise, 0; is a regular 
component of some level-set of /. Then uj is two-sided, whence p~^{uj) 
consists of two components. 
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It follows that h yields a diffeomorphism h of M which is isotopic 
to id^ and h{LJi) = Ui, {i = 1,2). By (1) we obtain that h preserves 
orientations of cDj. Hence, h preserves the orientation of u. □ 

4. Smooth shifts along trajectories of flows 

First we briefly recall the results obtained in l^lTj. Let M be a smooth 
compact m-dimensional manifold, F a vector field on M tangent to 
dM, $ a flow generated by F, and Fix $ the set of fixed points of 

Define the following mapping ip : C°°(M,R) C°°(M,M) by the 
formula: ip{a){x) = ^{x, a{x)) for a G C°°{M, R) and x e M. We will 
call it a shift-map along trajectories of^. 

Let h : M ^ M he a mapping and X C M. We will say that a 
function a : X — M defined on a subset X of M is a partial shift- 
function for h on X provided h{x) = ^{x,a{x)) for all x E X. When 
X = M, such a function a is global. In turn, h will be called a shift 
along trajectories of $ by the function a. 

The set Z = ip-\idM) C C°^(M,R) will be called the kernel of ip. 
Thus for every a E Z we have a{x)) = x. 

Lemma 4.1. jTTl Corollary 6] f{<yi) = V^(«2) iff c^i — 0^2 ^ Z . Thus 
the image y9(C°°(M, M)) C C°°{M,M) is in the one-to-one correspon- 
dence with the factor group C°°{M,M.)/Z . 

Lemma 4.2. jl7| Theorem 12] (a) Suppose thatlnt{Fix^) ^ 0. Then 
Z consists of functions vanishing on M \ Int(Fix$). 
Otherwise, we have another two possibilities: 

(b) Z = {0}. In this case (p is injective. In particular, this is true 
when $ has at least one non-closed trajectory; 

(c) Z = {n9}n£Z ~ ^, where 9 > is some smooth strictly positive 
function on M. In this case all non-fixed trajectories are closed, 9 
is constant on them, i.e. it is an integral of F, and for every closed 
trajectory uo the value 9{uj) is equal to the period of u. 

Denote by S{^) the subset of C°°(M, M) consisting of smooth map- 
pings h : M ^ M such that (i) h{uj) C u for every trajectory of $ 
and (ii) for each z G Fix$ the tangent linear map T^/i : T^M — ^ T^M 
at z is an isomorphism. 

Let also ©($) = £:($) n V{M) and be the subset of ©($) 

consisting of diffeomorphisms preserving orientation of trajectories $. 
Finally, let Ad($) C and£^id($) C £{^) he the subsets consisting 

of mappings that are homotopic in V^^), resp. in to idju- 

Evidently, that the following set 

r+ = {a G C°°(M,M) I da{F){x) > -1, x G M}. 
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is open and convex in C°°(M, R). 

Lemma 4.3. ^3 Lemma 23] 

^(C°°(M,R)) C ^id($) and y?(r+) C I?id($) C P+(<l>). 

Definition 4.4. Let F be a vector field tangent to dM and generating 
a flow $. We say that F is (LL) (locally linear) if for each z G Fix$ 
there are local coordinates (xi, . . . , Xm) in which z = G and F is 
a linear vector fleld, i.e. F{x) = Vx, where is a constant (m x m)- 
matrix. A flow generated by (LL) vector fleld will also be called (LL). 

Theorem 4.5. ^3 Theorem 1] If F is (LL) vector field, then 

(i) Int(Fix<l>) = 0, thus the kernel Z of shift-mapping (f is of type 
either (b) or (c) of Lemma \4.^ ; 

(ii) v^(C-(M,M)) = ^id($) and y,{T+) = Pid($); 

(iii) (p : C°°(M,]R) -> Sidi^) and the restriction (p : T+ ^ VA^) 
are (mutually) either homeomorphisms or a covering maps in the 
topologies of these spaces; 

(iv) the embedding C Sid{^) is a homotopy equivalence. More- 
over, if if is infective {Z = {0}), then these spaces are contractible. 
Otherwise, they are homotopy equivalent to . 

We will also need the following partial variant of Theorem I4.5r ii). 

Lemma 4.6. Let F be a vector field defined on a neighborhood U of 
(0,0) G M?, $ a local flow generated by F, and h G !)($). Then h 
admits a smooth partial shift-function a defined on some neighborhood 
V d U of (0,0), i.e. h{x) = ^{x,a{x)) for all x & V provided one of 
the following condition holds true: 

1) F(0,0) 0, I.e. (0,0) IS regular, HH Eq. (10)]; 

2) F{x,y) = {y,x), i.e. (0,0) is a "saddle" point, [17| Theorem 27]; 

3) F{x,y) = {-y,x), i.e. (0,0) is a 'focus", [HI Eq. (25)]. 

In the cases 1) and 2) a is unique, and in the case 3) a is determined 
up to constant summand 27Tk, A; G Z. 

4.7. Skew-symmetric flows. Let be a smooth non-orientable man- 
ifold, p : M N the oriented double covering of A^, and ^ : M — > M 
the smooth involution without flxed points generating the group Z2 of 
covering slices of M. Thus = idjv/ and p o ^ = p. 

A continuous mapping u : M —>■ M will be called symmetric provided 
u o ^ = ^ o u, and skew-symmetric if m o ^ = ^ ° u^^. 

Let : TM TM be the corresponding tangent mapping. We 
say that a vector fleld F on M is skew-symmetric if F o ^ = — o F. 
This is equivalent to the condition that the flow $ generated by F is 
skew- symmetric in sense that $i o ^ = ^ o for all t G R. 
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Let $ be a skew-symmetric flow on M. Then ^ preserves foliation 
of $ but permutes its trajectories. Therefore $ yields on N some one- 
dimensional foliation A with singularities. Let be the subset of 
C°°{N,N) consisting of mappings h : N ^ N such that (i) h{uj) C uj 
for every leaf u of A and (ii) /i is a local diffeomorphism at each fixed 
point of $. Put V{A) = S{A) n V{N). 

Let also Sid{A) C S{A) and Vid{A) C T>{A) be the subsets consisting 
of mappings that are homotopic to idjv in S{A), resp. in V{A). 

Theorem 4.8. Let ^ be a skew- symmetric flow on M. If ^ is (LL), 
then Sid{A) and Pid(A) are contractible. 

First we establish two lemmas. 

Lemma 4.9. Let £^id($) C £^id($) and r'id($) C I'id($) be the subsets 
consisting of symmetric mappings. Then we have the following home- 
omorphisms in the corresponding -topologies: Sid{A) ^ Sid{^) and 
Pid(A)^ Ad($). 

Proof. Every symmetric map u : M M projects to a unique map 

V : N ^ N, whence we have a natural projection p : £^id($) i^id(A) 
defined by p{u) = v. 

Let V G £^id(A), and Vt G £^id(A) be the homotopy between vq = idjy 
and Vi = V. By the covering homotopy property there is a unique 
symmetric homotopy Ut G i^id($) such that Uq = idjv/- Then p{ui) = v, 
whence p is onto. Notice that another lifting of is a map C,oui having 
no invariant trajectories of Hence ^oui ^ £^id($). Therefore for each 

V G Sid{A) there is a unique lifting u G £^id($), whence p is bijective. 
Since the projection p : M — is a smooth local diffeomorphism, it 
follows that p a homeomorphism in C°°-topologies. It remains to note 
that p(Ad($)) = Ad (A). □ 

Thus for the proof of Theorem 14. 8| we have to show the contractibil- 
ity of ^id($) and Pid($). 

Let : C°°(M, M) C°°{M, M) be the shift-mapping along trajec- 
tories of $, Z = (y9~^(idA/) its kernel, and F"*" = (/?~^(T'+($)). Denote 

E = {a G C°°(M, M) I a o ^ + a G Z}, 

and for every p E Z let 

= {a e C^iM^R) \ a o ^ + a = p} 

and = E^nT^. Evidently, Ef^ and F^ are convex. 

Since $ is (LL), we have by Theorem 14.5( 1) that either Z = {0}, 
then E = Eq, or Z = {n9}n£z, > 0). In the latter case we will 
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denote Ene and Tne simply by En and r„ respectively. Then each E^ 
is a connected component of E. 

Lemma 4.10. (1) EqCi Z = {0}, whence the restriction of to Eq is 
injective. 

(2) Suppose that Z = {n9}n^z, > 0. Then 6 = 9 o ^. Moreover, 
En = Eq + whence ^{Ea) = ^(Eb) iff a = 6 mod 2. Thus ^{E) 
consists of two connected components f{Eo) and (p{Ei). 

(3) Let a G C°°(M, M). Then (p{a) is symmetric iff a E E. This 
means that E = (p-^{£{^)). Moreover, E (1 T+ = (p-^{V{^)). In 
particular we have (p{E) C whence by (2) (p{Eo) = ip{E)id C 
^id($). Similarly, ifi{To) C Ad($). 

Proof. (1) li Z = {0}, then EqH Z = {0} holds trivially. Suppose that 
Z = {n6}nez and m6 G Eq for some m G Z. Then m6 o = —mO. 
Since > 0, we get m = 0, whence Eq^} Z = {0}. 

By Lemma l4.ll yields a bijection between C°°(M, ]R)/Z and the 
image Imc/?, whence the restriction of ip to Eq is injective. 

(2) First we prove that 6 = 6 o ^. Notice that for every point x G 
M \ Fix$ the value d{x) is equal to the period of x with respect to 
Therefore 6 is constant along trajectories of $. Moreover, since $ is 
skew-symmetric, it follows that for every trajectory a; of $ its period 
coincides with the period of the trajectory ^(cu), whence 6 = 6 o ^. 

Suppose that a G En, i.e. a + a o ^ = nO. It suffices to show that 
ai = a + /2 E En+i- Indeed, 



a^ + aio^ = a + e/2 + ao^+{eo ^)/2 = nO + 6 = {n + 1)6. 
Since ip{a + 6) = (^(a) for all a G C°°(M,M), it follows that 



(3) Suppose that u = ip{a), where a G C°°(M, M). Then 
Hence this mapping coincides with u iff a + a o ^ g 2'. In other words. 



Proof. Proof of Theorem 14.81 Suppose that $ is (LL). Then by The- 
orem i31 (^(C°°(M, R)) = ^id($), <p(T+) = Pidl*), and ^ is either a 
homeomorphism or a covering map. Hence from (3) of Lemma f4.1UI it 
follows that (p{Eo) = ^id($) and (p{To) = V^di^). 

From (1) of Lemma [4.101 we get that ip homeomorphically maps con- 
vex sets Eq and Fq onto Sid{^) and Vid{^) respectively. Hence £^id($) 
and Vid{^) are contractible, and by Lemma 14.91 so are ^^id(A) and 



V{En) = ^{En + 29/2) = ^{En+2). 



u G £{^) iff a G K 



□ 



Ad(A). 



□ 
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4.11. Flows on X [0, 1]. Let $ be a flow on the cylinder B = x I 
such that the trajectories of $ are of the form x {t}, t E I. Thus 



The following lemma is easy and we left its proof to the reader. 

Lemma 4.12. (1) = Pid($). Hence for every h e there 

is a shift-function with respect to $. 

(2) Suppose that a diffeomorphism h G X'+($) has a partial shift- 
function a : X [0,5] M, where e G (0, 1). Then a uniquely extends 
to a global shift-function for h. 

(3) Let T he a Dehn twist about the curve x {1/2}. Suppose that 
h is the identity on Se- Then h is isotopic in Did($) to some degree 
for /c G Z. Moreover, if in addition, a = on x [0,e], then a = 
also on X [1 — e, 1] if and only if k = 0, i.e. h is isotopic to the 
identity with respect to Ss. 

(4) Let h : — ^ be a diffeomorphism that preserves sets of the 
form X {t}, changes their orientation, and such that h"^ = id^j^. 
Then there exists a diffeomorphism g of B such that g = h on S^, 
g G and g^ = ids- 

4.13. Extension of a shift-function. Let $ be a flow on a manifold 
M, L closed and invariant under $ subset of M, and U an invariant 
neighborhood of L. 

Suppose that h G has a shift-function a in U, i.e. h{x) = 

^{x,a{x)) for all x G t/. Then, in general, a does not extends to a 
global shift-function for h. A possible obstruction is that h can be non- 
isotopic to idif. Nevertheless, the existence of a partial shift-function 
allows us to simplify h, provided $ admits an integral on U. 

Lemma 4.14. Suppose that there exist an invariant neighborhood V of 
L and a smooth function fi : M ^ I such that V G U and (i) /i = 1 on 
V ; (ii) fi = in a neighborhood of the set M \ U; (iii) fi is constant on 
every trajectory of^. Then h is isotopic in to a diffeomorphism 

that is the identity on V and coincides with h on M \ U. 

Proof. Consider the following function u = a ■ fi. It follows from (ii) 
that u is well defined on all of M. 

Claim 4.14.1. For every t & I the mapping qt \ M M defined by 
qt{x) = ^{x,t ui^x)) is a diffeomorphism of M. 



Proof. By (ii) of Theorem 14.51 (i?(r+) = Pid($), i.e. qt = ^{tv) is a 
diffeomorphism iff tv G r+, i.e. 




X 



(4.15) 



d{tu{F)){x) =tdu{F){x) > -1 
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for all X G M, where F is a vector field generating $, see also [T7| 
Theorem 19]. 

Since h is & diffeomorphism, we have that da{F) > —1. Moreover, 
the condition (iii) of this lemma implies dfi{F) = 0. Therefore, 

tdu{F) =td{na){F) =tadn{F) +tnda{F) = tfidaiF) > -1. □ 

Now the following isotopy ht = h o deforms h in to a 

diffeomorphism hi that is the identity on V and coincides with h on 
M \ U. Lemma 14.141 is proved. □ 

5. Proof of Theorem 11.31 

First suppose that M is oriented. The idea is to identify i5id(/) with 
Pid($) for some flow on M and then apply Theorem 14.51 

Lemma 5.1. Let f : M ^ P be a Morse mapping on a smooth ori- 
entable surface M. 

(1) There exists an (LL) vector field F on M whose trajectories are 
precisely the leaves of Af. 

(2) Suppose that there is a smooth changing orientation involution 
C, without fixed points such that f o ^ = f . Then F can be chosen 
skew- symmetric with respect to ^. 

Proof. (1) Let u he a 2-form determining some symplectic structure on 
M. Then u yields an isomorphism ip : T*M — > TM between the cotan- 
gent and tangent bundles of M. Consider the skew-gradient vector field 
(also called Hamiltonian vector field for f) G = ip{df). Evidently, the 
trajectories of G are precisely the leaves of Aj. Moreover, since / is 
constant on the connected components of 9M, we obtain that G is 
tangent to DM. 

Let z be a critical point of / and (x, y) local coordinates at z such that 
z = (0, 0) and /(x, y) = e^x"^ + eyy'^ ^ where e^, £y = ±1. Then we define 
following vector field near z by: Fz{x,y) = {Syy, —£xx). Evidently, F^ 
is linear and its trajectories are subsets of leaves of Aj. Moreover, F^ 
is collinear with G. 

Now using the partition of unity technique we can glue G with all 
{z E Sj) so that the resulting vector field F will be (LL). 

(2) Let ^ G S{f) be a smooth changing orientation involution with- 
out fixed points and F is (LL) vector field constructed as just above. 
We can make F skew-symmetric by replacing it by the vector field 
i(F — o F o but this vector field may loose (LL) property. To 
solve this problem, we should improve the construction of F. 
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First divide the set of singular points into two disjoint sets 
and so that ^(Sj) = Sj. Then for 2; G Sj- we define Fz as in (1) 
and for z G by the formula Fz = —T^ o -F^(^) o ^. 

Gluing G with Fz (2; G Sj) as above we get a vector field F which 
is (LL) and skew-symmetric with respect to ^ near its singular points. 
Then the vector field — T^oFo^) is (LL) and skew-symmetric. □ 

Let $ be a flow generated by the vector field F of this lemma. Then 
V{<^) = V{Af) and by Lemma ITHl we get Vi^i^) = Ad(A/) = 5id(/). 

Since $ is (LL), it follows from (iv) of Theorem 14.51 that Sid{f) is 
either contractible or has the homotopy type of S^. Suppose that / 
has at least one critical point of index 1. Then from the structure 
of level-sets of / near such a point we obtain that $ has non-closed 
trajectories. Hence by (iv) of Theorem l4.5l tS;^f is contractible. 

If / has no critical points of index 1, then / belongs to one of the 
types {A)-{D) of Table ITTTUl In each of these cases it is easy to construct 
a flow on M satisfying the statement of Lemma 15.11 and such that 
the kernel of the corresponding shift-mapping coincides with the set 
constant functions taking integral values. Hence Sid{f) is homotopy 
equivalent to S^. Theorem 11.31 is proved for oriented surfaces. 

Let be a non-orientable surface and g : N ^ P a Morse mapping. 
We have to prove that Si^ig) is contractible. Let p : M — >• iV be an 
oriented double covering, f = gop: M^P,^ the corresponding 
involution on M, and Af and Ag the corresponding foliations on M 
and N defined by / and g respectively. 

Let F be a skew-symmetric (LL) vector field on M constructed in (2) 
of Lemma I^^Tl for /. Then is induced by F, whence by Theorem 14.81 
Did(Ag) is contractible and by Lemma EiSl coincides with Sid{g)- □ 



6. The group 7roI>+(A/) 

In the sequel, f : M ^ P will be a Morse mapping, r(/) the 
Kronrod-Reeb graph of /, and pf : M r(/) the factor-map. 

Let e be an edge of r(/). Then pj^{e) contains no critical points of 
/, whence there exist a diffeomorphism ip : x (0, 1) P/^(e) and 
a homeomorphism 6 : (0, 1) — e such that the following diagram is 
commutative: 



X (0,1) 



P2 



Pf 



(0,1) 



p. 
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Here p2 is a standard projection. Regarding as the unit circle in 
the complex plane, choose a smooth function : (0, 1) ^ [0, 1] such 
that /i( 0,1/4] = and /i[3/4, 1) = 1, and define the following diffeo- 
morphism r of 5*^ x (0, 1) by the formula: T{z,t) = (^e^'^^^^^^ z,tj . Thus 
r is a Dehn twist along S*^ x {1/2}. Then the following diffeomorphism 



is a Dehn twist along the curve 7e = 'ipiS^ x {1/2}). Notice that is 



of the fohation A/, i.e. G P+(A/) C S{f). We will call Xe a Dehn 
twist about the edge e. 

The Dehn twist Tg and the corresponding curve 7e will be called either 
external or internal with respect to e. Evidently, e is an external edge if 
and only if Tg is isotopic to idj^ relative to Ej. Denote by / the number 
of internal edges of /. 

Remark 6.1. Dehn twists along regular components of level-sets of 
Morse functions play a crucial role in [TH- for the description of con- 
nected components of the space of Morse mappings on surfaces. 

Theorem 6.2. The group tcqV^^Aj) is generated by the internal Dehn 
twists. If f IS of type {E) of Tahle WlU then 7ioV+{Af) ^ Zg. Other- 
wise, internal Dehn twists form a basis of n^V^ {A f) , and thus 7TqV~^ {A f) 
ll , where I is the number of internal Dehn twists. 

Proof. Oriented case. Suppose that M is oriented. Let ei, . . . , e; be 
internal edges of r(/) and JT" the subgroup of 7roT'(A/) generated by 
the Dehn twists about them. Since the internal edges are disjoint, we 
see that J' is abelian. For simplicity denote 7e. and Te- by 7j and 
respectively. Let also T = UjSupp Tj be the union of supports of r^. 

Let $ be a flow on M constructed in (1) of Lemma I^TTl Then we can 
identify T>~^[Af) with P"'"($). Now the proof for oriented case consists 
of the following two lemmas. 

Lemma 6.3. The isotopy classes of internal Dehn twists are indepen- 
dent in 7roP(M, Sj). Therefore they are independent in 7iQT>^{Af), 
whence J ^71} . 

Proof. Notice that the group acts on Hi{M \ Sj, Z) by the formula: 
Tj-x = x+ (x, 7i)7j, for X G ifi(M\Sj, Z), where (■, ■) is the intersection 
form. Hence, 





(6.1) 
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Since the internal curves represent linearly independent 1-cycles in 
Hi{M \ Sj, Z), it follows from (jb.lj) that Xj are independent in J'. □ 

Lemma 6.4. For every h G there exists a partial shift-function 

defined on M\T . 

It follows from Lemma [6 .41 that each h G is isotopic in 

to a diffeomorphism that is the identity on M\T and therefore belongs 
to J. Then from Lemma (6.31 we get 7roP^($) = J ^ll which proves 
our theorem. 

Proof of Lemma \6.4 



First we define a certain subset L of M and 



construct a shift-function a for h near L. Consider two cases. 






Figure 6.5. 

1) Suppose that Ci = 0. Then $ has no non-closed trajectories and 
the kernel of shift-mapping ip along trajectories of $ is Z = {n9}nez- 
Let L be an arbitrary regular component of a level-set of /, see Fig- 
ure IHIHl a)- Then L is a closed trajectory of $ and a shift-function a 
for h can be defined in a neighborhood of L up to the summand nO. 

2) If Ci > 0, then we let L to be the union of those critical components 
of level-sets of / that contain critical points of index 1, see Figure IHiSlb). 
Let z be a critical point of / of index 1. Since in some local coordinates 
at 2; = 0, f{x, y) = — y"^, we may choose F so that F{x, y) = {y, x). 
Then by 2) of Lemma f4. 61 in some neighborhood U of z there exists a 
unique smooth function a such that h{x) = a{x)) for all x G f/. 

Let now u; be a non-closed trajectory of $. Since /i(co') = uj, it 
follows that for every x G there exists a unique number a{x) such 
that h{x) = a{x)). Moreover, by 1) of Lemma f4. 61 a uniquely and 
smoothly extends onto some neighborhood of u. 

Thus h admits a shift-function near L. It remains to extend a to 
M \ T. Let 5 be a connected component of M \ L, it corresponds to 
some edge e of r(/). Consider three cases, see Figure b) and c). 

Case 1: e is an internal edge of r(/). Then B includes suppx; for 
some i = 1, . . . ,1 and we should extend a to -B \ supp Tj. Notice that 
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B \ supp Ti is a union of two open cylinders and a is defined at "one 
side" of each of these cyhnders. Then by (2) of Lemma f4. 121 a extends 
to a shift function for h on B \ supprj. 

Case 2: e is external and has a 9 -vertex, i.e. B fl dM ^ 0. Then 
B (IT = and a extends to B by (2) of Lemma 14.121 

Case 3: e is external and has an e -vertex. Then B is an open 2-disk 
containing a unique critical point z of /. Again by (2) of Lemma f4. 121 
and a extends to a shift-function for h on B \ z. Moreover, since 
f{x,y) = ±(x^ + y^) in some local coordinates {x,y) at 2; = 0, we can 
choose F{x, y) = {—y, x), whence by 3) of Lemma l^l o; can be defined 
smoothly at 2;. □ 

Proof. Non-orientahle case. Let be a non-orient able surface, p : 
M — ^> its oriented double covering, g : N P a Morse mapping, 
and f = g o P- We will show that 7roV^{Ag) is generated by internal 
Dehn twists. 

1) Suppose that g is not of type {E). Let $ be a skew-symmetric 
(LL) flow on M generated by the vector field F of (2) Lemma 15.11 
Then V+{Ag) is naturally identified with V+iAf) = V+i^). 

Notice that the internal curves 7^ (i = 1, . . . , /) are two-sided, whence 
P'^^ili) C M consists of two connected components 7^1 and 7^2 which 
are internal with respect to /. Then there are two internal Dehn twists 
Til and Ti2 about 7^1 and 7^2 (resp.) such that = ^ o m o ^ and Ti2 o th 
is a lifting of x; belonging to X>"'"($). 

By the oriented case of this theorem Tij (i = 1, . . . , /, j = 1, 2) form 
a basis of 7ro'D+($). Hence Ti2 o th are independent in hqV^^^) and 
generate the subgroup isomorphic with Z'. Then it remains to prove 
the following statement. 

Claim 6.5.1. The isotopy classes of o Th generate hqV^^^). 

Proof. Denote by T the union of supports of Tij. Suppose that g (and 
therefore /) has at least one critical point of index 1. Then the kernel 
Z of the shift-mapping if along trajectories of $ is trivial: Z = {0}. 

Let u G Then by Lemma 16.41 we have u{x) = ^{x,a{x)) 

for some smooth function a. Since u is symmetric, it follows from 
Lemma (4. lUI that a + ao^EZ = {0}, whence a o ^ = —a on M \ T. 

Let fihe a function of the statement of Lemma [4.141 Then the func- 
tion /ii = (/i + /i o ^)/2 is symmetric and also satisfies the statement of 
Lemma 14.141 Therefore /ii ■ a is a smooth skew-symmetric function on 
all of M. Whence Ut{x) = u o — t ■ fii{x) ■ is a symmetric iso- 
topy of u in to a symmetric diffeomorphism that is the identity 
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on M\T. So we can assume that -u is a product of some Tij. Since u is 
symmetric, we obtain that u is in fact a product of some Ti2 th. □ 

2) Suppose that g is of type {E). Then = i^' is a Klein bottle, 
g : K , M = T'^ , the Kronrod-Reeb graph of is a circle, and 

there is a unique internal Dehn twist ri. 

Let Til and T12 be the liftings of ri. Then it is easy to see that tuotu 
is isotopic to idAf in i.e. rn o G Vid{^)- 

Claim 6.5.2 . V+iAj) = n V-.^i^), whence tiqV+{/\j) = Z2 by 

Lemma \4.1(\ 

Proof. Evidently, n Pid($) C V+{/\f). Conversely, Let u e 

C We have to show that u E r'id($). 

Notice that M \ T consists of two connected components Bi and 
B2 that are diffeomoprhic to x (0,1), and such that ^(-Bi) = -82- 
Then by Lemma 14.121 there is a partial shift-function a for h on Bi. 
We extend a on B2 by a{x) = —a o ^(x), x G B2. Then a is skew- 
symmetric and by the arguments used in the previous case 1) h is 
isotopic in to some degree of T12 o tu G r'id($). 

Claim lU! 5 .21 and Theorem 16.21 are proved. □ 

7. Ends at a subgraph 

Let M be a compact surface. By a subgraph K C IntM we mean a 
one-dimensional CW-subcomplex of some cellular division of M. 

Let K C IntM be a finite connected subgraph, Ui,U2 two regular 
neighborhoods of K, and ^ (i = 1, 2) a connected component of Ui\K. 
We will say that Vi and V2 represent the same end (of M \ K) at K 
if there exists a regular neighborhood U C Int(f/i fl U2) of K and a 
connected component V oi U \ K such that V" C Vi fl V2. The end 
determined by Vi will be denoted by \V]k- 

Evidently, if \Vi]k = [V2]k, then K nVi = K n%. We will say that 
an edge e of K belongs to [Vilx if e C -ft' fl Vi. 

Let U he a regular neighborhood of K, V a. connected component of 
U \ K, and h : M ^ M a, diffeomorphism such that h{K) = K. We 
will say that h preserves \V]k if [^(^)]ii: = \^]k- 

Also notice that V ~ S"^ x [0, 1), where S*^ x corresponds to a 
connected component of dU . So we can choose some orientation on 
V . Let ?7i C f/ n h{U) be a regular neighborhood of K and Vi be 
the connected component of Ui\K such that \Vi\k = \y]K- Then h 
preserves the orientation oi \y]K if ^|vi : V^i V preserves orientation. 
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The following theorem is crucial for the proof of the exactness of 
Eq. and will be applied to the case when i^' is a critical component 
of a level-set of /. 

Theorem 7.1. Let K C IntM he a finite connected subgraph having 
no vertices of degrees 1 and 2 and such that every edge e of K belongs 
to precisely two ends of M\K at K. Let h : M ^ M be a difjeomor- 
phism such that h{K) = K and h preserves the ends at K with their 
orientation. Let h be the combinatorial automorphism of K induced 
by h. Then each of the following conditions (1) and (2) implies that 

h = id-K: 

(1) a regular neighborhood of K is flat (can be embedded in M^j; 

(2) h is isotopic to idu- 

Proof. First we prove the following two claims. 

Claim 7.1.1. The following statements are equivalent: 

(A) h = idKi 

(B) h preserves at least one edge of K with its orientation; 

(C) h preserves every simple cycle j in K with its orientation; 

Proof. Evidently, (A) implies (B) and (C). 

(B) ^(A) Let e be an oriented edge of K preserved by h and z a 
vertex of e. Then h{z) = z. Since h preserves the ends at K with 
their orientation, it follows that h preserves the cyclic order of edges 
at z, and thus preserves the edges incident to z with their orientation. 
By the same arguments applied to another vertex of e (if it exists), we 
obtain that h is fixed on a neighborhood of e in K. It follows that the 
fixed-point set of h on K is open-closed. From the connectedness of K 
we get h = idx- 

(C) ^(B) Suppose that h preserves every simple cycle in K with its 
orientation. Since every edge of K belongs to precisely two different 
ends at K and K has no vertices of degrees 1 and 2, it follows that 
there are two different simple cycles 71 and 72 such that either 71 fl 72 
consists of a unique edge e of K or 71 fl 72 = and there exists a 
unique simple path / connecting these cycles. Evidently, in both cases 
h fixes some edge of K with its orientation. □ 

Claim 7.1.2. Let j be a simple cycle in K . Suppose that 7 bounds a 
2-disk D in M. Then h preserves 7 with its orientation. 

Proof. If IntD (1 K = 0, then D determines a unique end at K, which 
is preserved with its orientation by h. Otherwise, Z) is a union of 
several 2-disks of the previous type. They are invariant under h, whence 
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SO is D. In particular, h preserves the boundary dD = 7 with its 
orientation. □ 
Now we can complete Theorem 17.11 

(1) Let A be a regular neighborhood of K in M, i : A C an em- 
bedding, and A' C IntA another regular neighborhood of K such that 
h{A') C IntA. Then h\A' : A' A <Z M.'^ extends to a diffeomorphism 
of keeping the ends at K with their orientation. So we will 
assume that M = M?. Then every simple cycle in K bounds a 2- disk 
in M = M^, whence by Claim rTOl /if-vl = 7. 

(2) Suppose that h is isotopic to idju- Let 7 be an oriented simple 
cycle in K. Then 71 = h{'y) is also oriented cycle isotopic to 7. In 
particular, homology classes of these cycles are equal: [7] = [71] G 
Hi{M). By (C) of Claim rri. II it suffices to prove that 71 = 7 and that 
h preserves orientation of 7. 

By Claim rr 1.21 we can assume that 7 does not bound a 2-disk in M. 
Consider four cases. 

(2.1) Suppose that •y = K, thus i^' is a simple closed curve. Since 
K has no vertices of degree 2, we see that K has no vertices at all. 
Moreover, M\K has two ends at whence K is two-sided. Since h 
preserves the orientation of these ends, it follows that h = id^. 

(2.2) Suppose that 7n7i = 0. This is possible only if 7 is two-sided. 
Then 7 U 71 bounds a 2-cylinder C see in Figure [T^i). 

Notice that IntC (iK ^ 0, otherwise the ends of C determined by 7 
and 7i will be not invariant under h. Since K is connected, it follows 
that C\K is a union of several open 2-disks. Each of them determines 
some end of M \ at i^, and thus is invariant under h with its orien- 
tation. Therefore h yields a preserving orientation homeomorphism of 
a subsurface C G M that exchange boundary components 7 and 71 of 
C. This contradicts to the assumption that h is isotopic to idM- 

(2.3) Suppose that 7n7i 7^ but 7 7^ 71. Then 71 and 7 must bound 
a bigon, i.e. a 2-disk D whose boundary consists either of two arcs 
/o C 7 and li C 71 as in Figure [7|d) or of a union 7 U7 as in Figure [3:;). 
Then D determines several ends at K and therefore h preserves D with 
its orientation. Hence h maps Zq onto h preserving their orientations. 
But similarly to the previous case, h preserves orientation of D iff it 
maps Zq onto h or in case c) 7 onto 71 with opposite orientation. We 
get a contradiction. 

(2.4) Suppose that 7 = 71 but h reverses orientation of 7. It follows 
that [7] = —[71]. On the other hand [7] = [71], whence 2[7] = 0. Then 
we have two possibility. 
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Suppose that 7 bounds a subsurface P in M. Since 7 is isotopic to 
itself with opposite orientation, it follows that P is a 2-disk, whence by 
Claim 17! 1.21 h preserves orientation of 7. 

Otherwise, 7 bounds no subsurfaces in M. Since this cycle is isotopic 
to itself with opposite orientation, it follows that M is a Klein bottle 
and 7 represents a unique element of order 2 of HiM. Notice that M\7 
is an open cylinder, whence the connected components oi M \ K are 
open 2-disks. Each of them determines some end oi M\K aX K . Since 
h preserves orientation of these ends, is also preserves the orientation 
oi M\K, and hence the orientation of 7. □ 




a) b) c) 

8. HOMOMORPHISMS Zq AND jo- 

Let io : T^aS{f) tiqV{M) and jo : T^aS{f) noV{M, S/) be the 
natural homomorphisms. Then we have the following exact sequences: 

(8.1) 7riV{M) ^7iiO{f) ^keito ^0 

(8.2) 7riD(M, Sy) ^ 7riO(/, Sy) ^ ker jo ^ 0. 

Thus in order to obtain estimates on the fundamental groups of orbits 
we should study the kernels of iq and jo- Notice that 

kerzo ^ vTo (5(/) n V,^{M)) , ker jo ^ ttq (5(/) n Pid(M, S;)) . 

Recall that we have a homomorphism A : S{f) Aut(r(/)), which by 
Lemma (3.51 reduces to a homomorphism A : 7CQS{f) Aut(r(/)). So 
we obtain the following exact sequence 

^ kerA ^ Sif) ^ Aut(r(/)). 

Intersecting ker A and S{f) with T'id(M) and with T>id{M, E/) and then 
taking TTo-groups we get the following two exact sequences: 

(8.3) — > 7ro(ker Anr'id(M)) — > kerio ^ Aut(r(/)), 
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(8.4) ^ 7ro(kerAn Ad(M,S^)) — > kerjo Aut(r(/)). 
Proposition 8.5. 

(8.6) ker A n Pid(M) = V+{Af) f] V^aiM), 

(8.7) kerAnPid(M,S^) =Pid(A/), 

(8.8) S{f) n r'id(M, Sj) = 5id(/), if either dM ^ orEf ^ 0. 
Proof. Eq. ()8.6|) . Since ker A D I'^(Aj), we have to show that 

kerAnr'id(M) C I?+(Aj) n r'id(M). 

Suppose that h G ker AnT'id(M), so h yields the identity automorphism 
of r(/) and is isotopic to idu- We should prove that h preserves leaves 
of the foliation Aj with their orientations. 

Since h trivially acts on r(/), it follows that h preserves regular 
components of level-sets of / and local extremes of /. Moreover, as h 
is isotopic to id^f, it follows from (2) of Lemma 13.61 that h preserves 
orientation of regular components of level-sets of /. 

Let be a critical component of a level-set of / containing a critical 
point of index 1 and z G r(/) be a c -vertex corresponding to K. Notice 
that the ends of M \ at K corresponds to the edges of r(/) that 
are incident to z. Therefore h preserves the ends of M \ i^' at with 
their orientation and so the condition (2) of Theorem 17.11 holds true. 
Whence h yields the identity automorphism of K, i.e. preserves the 
foliation Aj with its orientation. 

Eq. dHUj). Evidently, ker A H r'id(M, S/) D Ad(A/). Suppose that 

G ker A n Pid(M, S/). Then by Eq. (jHS)) /i G ker A n Pid(Af) C 
©"•"(A/). Hence by Theorem 16.31 /i is isotopic in ©"""(A/) to a product 
of the internal Dehn twists g = r["^ o ■ ■ ■ o r™' and therefore yields 
some automorphism (7* of Hi{M \ S/). Since h G Vid{M, S/), we see 
that = id. Whence mj = for all i and g = id^j G Pid(Aj). Thus 
/lGPid(A;). □ 

Eq. (jHIHl)- Evidently 5id(/) C S{f) nr'id(M,S/). Conversely, sup- 
pose that /i G 5(/) n Vid_{M, Sj). Then X{h) preserves the vertices of 
r(/) and yields the identity isomorphism of Hir{f), whence X{h) = 
idr(/), i.e. h G ker A. Then from Eq. ()8.7|) we get: 

5(/)nPid(M,S^) C kerAnPid(M,S^) = V,^{Af) = S.^if). □ 
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9. Proof of Theorem 11.51 

Let / : M — > P be a Morse mapping and q be the number of critical 
points of index i. Suppose that Ci > 1. 

(1) . We have to show that Of{f, S/) is contractible. By (3) of Theo- 
rem l2.1l and Whitehead theorem it suffices to prove that iTiOf{f, Sj) = 
for all z > 1. By Theorem 11.31 and Lemma 12.81 iSid(/, Sj) and 
P(M, Sj) are contractible. Moreover, by Eq. ()8.8|) kerjo = 0. Then 
from exact sequence of the iS(/)-fibration X'(M, Sj) 0{f,T,f) we 
get TiiOfif, S/) = for i > 1. □ 

(2) . As ci > 1, we have by Theorem II .31 that iSid(/) is contractible. 
By exact sequence of 5(/)-fibraiton V{M) 0{f) we get nkV{M) ^ 
TTkO{f) for k > 2. Moreover, by Remark 12.71 (for n = 0) we get 
TTfcOj/) ^ TTkV{M) ^ vTfcM for A; > 3 and 7i20f{f) = 7r2p(M) =0. □ 

Eq. Denote Jo = 7ro(V+{Af) n Ad(M)). Thus Jo consists of 

the "relations" between the internal Dehn twists in Pid(M). We may 
regard Jo as a subgroup of iio'D'^^Af) ^ Z', whence Jq ~ Z'^ for some 
k < I. Notice that for the case M is a Klein bottle, it is possible that 
Jo is not a direct summand of TToT>^{Af). 

Let A = d^^{Jo) C niOf{f). Then we have the following commuta- 
tive diagram in which horizontal and vertical sequences are exact: 



> 7TiV{M)/lm{ii) — ^ A 



di 



Jo 



> TTiV{M) — ^ 71-1 ' kerio ^ 



Ao9i 



G 



G 





Here ii : TXiS{f) 7TiV{M) is a natural homomorphism, and G C 
Aut(r(/)) is the image of kerio under A. Then G is a finite group. 

Since p(7riD(M)) is in the center of TTiO{f) (see (2) of Lemma (2. 2j) 
and Jo is free abelian, we see that A is abelian and that the upper se- 
quence splits. Since Sid{f) is contractible, we have Im(ii) = 0, whence 
A fa 7iiV{M)Q)Jo- Thus the left vertical exact sequence coincides with 
Eq. (HSI). □ 
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Table \1.7\ Calculation the rank k of Jq. Suppose that / is not 
simple. Then by small perturbation of / in a neighborhood of its 
critical level-sets we can find a simple Morse mapping f : M P 
having same critical points as /. By Theorem 16.21 the group Jq = 
TTQ(V^{Af) n Pid(M)) is a free abelian group of some rank k. 

Claim 9.0.1. k<k. 

Proof. Notice that KR-graph r(/) of / can be obtained by "blowing 
up" some internal vertices of r(/), i.e. replacing them with certain 
graphs, and we have a natural factorization q : r(/) —>■ T{f) that 
shrinks these graphs into the corresponding points. 

Let e be an edge of r(/) such that g(e) is an edge of r(/). Then both 
e and q{e) are internal or external simultaneously. Moreover, since / 
differs from / only near critical level-sets there is a Dehn twist r : 
M — > M about e which is also a Dehn twist about g(e). In particular, 
r preserves both mappings / and /. 

Since 7ToT>'^{Af) is freely generated by internal Dehn twists, it fol- 
lows that 7roX''*'(A/) can be regarded as a subgroup of 7iQV~^{Af). In- 
tersecting these groups with noVidiM) we obtain that j7o C ^To, whence 
k<k. □ 

Suppose now that / is simple. Then there is a bijection between the 
critical points of / and vertices of r(/). 

Definition 9.1. An edge e o/r(/) is contractible if the following two 
conditions hold true: 

(a) de consists of one e -vertex and one c -vertex of degree 3; 

(b) let ci and €2 be the other edges that are incident to the vertex of 
degree 3. Then ci 7^ 62 and at least one of them is internal. 

Suppose that e is a contractible edge. Let us delete e from r(/) and 
replace ei U 62 with one edge. Denote the obtained graph by Fi and 
preserve the notations c-, d-, and e- of its remaining vertices. If Fi has 
a contractible edge, then we can repeat contractions as far as possible 
and obtain a minimal graph Fmin having no contractible edges. 

As it is shown in Figure 19.21 every contractible edge e corresponds 
to some relation in tiqV^M) between the Dehn twists about ei and 
62. Moreover, the contraction of an edge yields a cancellation of the 
corresponding pair of singular points of A/. It also decreases by 1 the 
number of relations between the remaining internal Dehn twists, and 
the number of e- and c -vertices. 

Let rric and rrie be the numbers of c- and e -vertices of Fmin resp. 
Since the numbers of c- and e-vertices of F(/) are respectively Ci and 
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C0 + C2, we see that Fmin is obtained from r(/) by ci—rric = C0 + C2 — me 
contractions. Hence k > ci — nic = Cq + C2 — me- Suppose that M is 




T-Tj i,=0 i:,=x," 



a) b) c) 

Figure 9.2. 

of type 1 of Table O i.e one of the surfaces S^, D^, x /, T\ RP^ 
with or without holes. Since ci > 0, Fmin has a unique c -vertex and 
coincides with the corresponding graph in Figure IHSl Hence k > ci — 1. 
If M = T^, then there is a unique internal Dehn twist which is non- 
isotopic to idT'2. For other surfaces there are no internal edges at all. 
Therefore /c = Ci — 1 in all the cases. 




S' D' S'xl T P' Mo K 



Figure 9.3. 



Claim 9.3.1. If M is of type 2 or 3 of Tahle\r^ then k = ci - rric = 
C0 + C2- rrie. 

Proof. Suppose that M is of types 2 or 3, i.e. it differs from the surfaces 
above. Then it is easy to see that the internal Dehn twists in Fmin are 
mutually independent in T>{M) since the corresponding simple closed 
curves are mutually disjoint and non-isotopic each to other. Hence 
k = ci — rric = Co + C2 — rrie- □ 

If M is of type 2, i.e. orientable, but not one of the surfaces above, 
then all e -vertices can be removed by contractions. Hence me = and 
k = Co + C2. 

If M is of type 3, i.e. non-orient able, but is neither RP^ with or 
without holes, then it is possible that we could not remove all e- 
vertices. The obstruction is that such vertices may be "locked" by 
vertices of degree 2, see Figure 19.31 for the Klein bottle K. Hence 
k = Co + C2 — rUe < Co + C2- The calculation of Table 11.71 is com- 
pleted. □ 
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9.4. iJi-subgraph of r(/). For the proof of statement (3) of Theo- 
rem 11.51 we have to study the group G = A(kerzo) C Aut(r(/)). 

Suppose that h E S{f) D Vid{M), i.e. [h] E kerio and \{h) E G. 
Then h preserves every connected component of dM and yields the 
identity automorphism of Hi{M, Z). 

Let Autid(r(/)) be the subgroup of Aut(r(/)) consisting of auto- 
morphisms trivially acting on Hi{r{f), Z) and fixing every d -vertex of 
r(/). Then X{h) E Autid(r(/)). Thus G C Autid(r(/)). 

It is easy to see that there exists a unique minimal connected sub- 
graph Tnif) of r(/) containing all simple cycles and all 5-vertices of 
r(/), see Figure l931 in which Tnif) is a subgraph in bold. Then the 
inclusion T^if) C r(/) yields an isomorphism HiTnif) ~ HiT{f), 
therefore we will call T^if) an Hi-subgraph of THif)- Evidently that 
r(/) \ Tnif) is a disjoint union of trees. 




R' 



Figure 9.5. 

Notice that every automorphism 6 of Aut(r(/)) that fixes Tfjif) 
point-wise belongs to Autid(r(/)). The following example shows that 
the converse statement is not true. 

Example 9.6. Let a, (3 he the standard generators of ttiT^ = Z © Z. 
Let / : ^ S*^ be a Morse function such that Sj 7^ 0, /*(q;) = 1, 
and /*(/?) = G niS^ = Z. For n = 2, 3, . . . let T„ be a finite covering 
of corresponding to the subgroup of ttiT^ generated by a". Let 
Pn '■ Tn ^ be the covering projection, = f o Pn the Morse 
function on T„, and r(/„) the KR-graph of /„. Evidently, r(/„) has a 
unique simple cycle which coincides with rjy(/„). 

Let On be the generator of the group of covering slices of T„. Then 
On preserves /„ and is isotopic to idj,^ but yields an automorphism of 
r(/n) which does not fix Tnifn) point-wise. 

Proposition 9.7. (1) Suppose that f is simple and every automor- 
phism E Autid(r(/)) fixes Tnif) point-wise. Then X is onto, i.e. 
G' = Autid(r(/)). 

(2) /// is generic, then Autid(r(/)) is trivial, whence so is G. 
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For the proof we need the following lemma. 

Le mma 9.8. If 6 e Autid(r(/)), then e{TH{f)) = Tnif), 9 is fixed 
on Tnif) \ C , where C is a union of simple cycles in T{f), and each 
of the following conditions implies that 9 is fixed on Tnif): 
{1) 9 has a fixed point z G C ; 

(2) r(/) zs a tree; 

(3) dM ^ 0; 

(4) C has at least two connected components; 

(5) rankHiTif) > 2. 

Thus, if 9 is not fixed on Tnif), then Hir{f) = Z and dM = 0. 

Proof. Evidently, every simple cycle of r(/) is invariant under 9. Then 
so are the connected components of C. Moreover, since 9 fixes d- 
vertices of r(/), it follows that 9 is fixed on simple paths between the 
connected components of C and between 9 -vertices of r(/) and C. 
Thus 9{THif)) = Tnif) and 9 is fixed on r^l/) \ C. 

(1) If 9{z) = z E C, then 9 is the identity on all edges of T^if) 
incident to z. Hence the fixed-points set of 9 is open in Tnif)- Since 
this set is also closed, it coincides with Tnif)- 

(2) If Tuif) is a tree, then C = 0, whence 9 is fixed on Tnif)- 

(3) and (4) In these cases 9 is fixed on all simple paths connecting 
(9-vertices and the components of C. Then by (1) 9 is fixed on Tnif)- 

(5) Suppose that rankHiT{f) > 2. By (4) we can assume that C is 
connected. Then there are two different simple cycles in r(/) whose 
intersection is either a point or a simple path. In both cases 9 is fixed 
on this intersection and therefore on Tnif)- □ 

Proof of Proposition \9. 7| (1) We have to show that for every 9 G 
Autid(r(/)) there is a diffeomorphism h G S{f) H r'id(M) such that 
X{h) = 9. First we prove the following statement. 

Claim 9.8.1. There is a diffeomorphism hi of M changing orientation 
ofAf. 

Proof. Let K he a union of all critical components of all critical level- 
set of /. Since / is simple, we see that every component of K contains 
a unique critical point. Let A be a regular neighborhood of K. Then 
every connected component A' of A is either 2-disk, or has one of 
the forms shown in Figure 19.41 a) and b). Evidently, A' admits an 
automorphism Ha' changing the orientation of the foliation Af on A. 

Since M \ A is a disjoint union of cylinders, it follows from (4) of 
Lemma 14.121 that these automorphisms extends to a diffeomorphism 
hi of M changing orientation of Aj. □ 
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Figure 9.9. 



Since / is simple, it follows from Lemma 13.31 that there exists a 
diffeomorphism g G S{f) such that \{g) = 9. \i g changes orienta- 
tion of some leaf in pJ'^{TH{f)), then we replace g with g ohi, where 
hi is constructed in Claim 19.8.11 Thus we may assume that g pre- 
serves orientation of Aj in pJ^{TH(f)). Then similarly to the proof of 
Lemma \bA\ we can find an isotopy of g in S{f) to a diffeomorphism 
gi whose restriction to f'^iTnif)) is a product of some internal Dehn 
twists gi = r{"^ o ■ ■ ■ o t^'-. Notice that X{g) = \{g o gi^), so we set 
h = g o g:[^ and may assume that h is the identity on pJ^(TH{f))- 

Since / is simple, and Tni^f) includes all simple cycles and 9 -vertices 
of r(/), we see that M\pJ^(TH{f)) is a disjoin union of 2-disks. Hence 
h is isotopic to idjvf- This proves (1). □ 

(2) Suppose that / is generic. Let 9 G Autid(r(/)). We have to 
show 9 = idr(/). Since every critical level-set of / contains a unique 
critical point, we see that 9 fixes every vertex of r(/). Then by (1) of 
Lemma 9 is fixed on Tnif)- Since r(/) \ T^if) is a disjoint union 
of trees and 9 is fixed on the vertices of these trees, we obtain that 9 
is also fixed on their edges. Thus 9 = idr(/). □ 

Proof of (3) of Theorem \1.5\ Suppose that / is generic. Then G = 
idr(/) by (2) of Proposition EH whence 7CiOf{f) ^ tiiV{M) © 
Since / is also simple, it follows from statement (2) of this theorem 
and Table |2ini that the homotopy groups of for the surfaces of 

the left column of Table 11.81 coincide with the homotopy groups of 
the corresponding spaces in the right column. The construction of 
homotopy equivalences between these spaces is direct and we left it to 
the reader. □ 



10. Proof of Theorem 11.91 

Suppose that / has no critical points of index 1. Then by Theo- 
rem [Ol '5id(/) has the homotopy type of S^. We should describe the 
homotopy types of Of{f) and Of{f,T,f). We will consider only the 
most non-trivial cases (A) and (E). 
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Type (A). Let / : S*^ — P be a Morse mapping without critical 
points of index 1. We claim that Of{f) is homotopy equivalent to 5*^. 

Notice that the fibration of T>{S'^) over 0{f) with fiber S{f) in- 
cludes the fibration of S0{?>) over S"^ with fiber 5*0(2). So we have the 
following commutative diagram: 

0(2) ^ 0(3) ^ 0(3)/0(2) ^ 

(10.1) n n n n 

SU) - V{S^) V{S')/S{f) ^ o{f). 

It is easy to see that the embedding 0(2) C S{f) is a homotopy equiv- 
alence. Moreover, by Smale [2^] so is the embedding 0(3) C V{S'^). 
Then from Eq. (jlU.lj) we obtain that the embedding 5*^ C 0{f) yields 
isomorphisms of all homotopy groups. Therefore it is also a homotopy 
equivalence. 

Type [E). Let / : i^' ^ 5*^ be a Morse map without critical points on 
the Klein bottle K. We represent K as the factor-space of = M^/Z^ 
by the relation ([x], [y]) ~ ([x + 1/2], [—y]) for (x, y) G and define / 
by the formula f{[x], [y]) = 2/i;x(modl), for some k = 1,2, . . . 

Since K is non-orientable, Sid{f) is contractible by Theorem 11.31 
Consider the embedding h : C Vi^^K) defined by h(t){[x], [y]) = 
{[t + x], [y]), where t G M/Z = S^. It is proved by C. J. Earle, 
A. Schatz ^ and A. Gramain that /i is a homotopy equivalence. 

Then from exact homotopy sequence we obtain that iTmC^fif) = 
for m > 2. Consider the remaining part of this sequence: 

^ n^V{K) ^ n^Of{f) ^ noS{f) ^ noV{K) ^ noOf{f) ^ 0. 

Recall, W. B. R. Lickorish ^31; that itqV{K) ^ Z2 ©Z2, where one the 
former summand is generated by the Dehn twist along some level-set 
of / and the latter one is a "y-diffeomorphism" in the terminology 
of [13. 

Moreover, it is easy to see that 7roiS(/) ~ Z^ © Z2, where is 
generated by the isotopy class of the diffeomorphism /ii/fc([x], [y]) = 
{[l/k + x], [y]), and Z2 is again generated by the Dehn twist along 
some level-set of /. Then we obtain the following sequence: 

^ Z ^ n.Ofif) ^ Zfe © Z2 ^ Z2 © Z2 ^ T^oOfif) 0. 

It follows that TTiOf{f) ~ Z, the homomorphism tiiD{K) iTiOf^f) 
coincides with the multiplication by k, and TCoOf{f) ~ Z2. Since Of{f) 
is aspherical we obtain that it is homotopy equivalent to 5*^ □ 
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11. Appendix. Orbits of tame actions 

In this appendix we will prove Theorem 12.11 First we give one suf- 
ficient condition f Theorem 111.7^ when a finite codimension orbit of a 
tame action of a tame Lie group G is a tame Frechet manifold and 
the projection of G to this orbit is a locally trivial fibration. Then 
we prove that ©(M, Sj) and Cg^{M,P) are tame Frechet manifolds 
(Section lll.26|) . Finally in Section [11.301 we show that in the case of 
Theorem 12 . 1 1 1 hat condition is satisfied. 

We will assume that the reader is familiar with basic facts of Frechet 
spaces. In particular, we will use differential calculus on Frechet man- 
ifolds and the inverse function theorem, see 0- 

11.0.1. Derivatives. Let F and G be Frechet spaces, U G F an open 
subset, and B : U ^ G a continuous mapping. The derivative of B 
at a point f E U in the direction h E F is the limit: DB{f ; h) = 
lim J {B{f + th) — B{f)). The mapping B is differentiable (of class G^) 

provided DB{f ; h) exists for all f & U, all h E F and is continuous 
as a map DB : U x F ^ G. The mapping B is smooth (G°^ ) if all its 
derivatives are differentiable. 

Let F' another Frechet space, U C F x F' a.n open subset, and 
B : U — * G a continuous mapping. If (/, /') G U and {h, h') E F x F', 
then we shall write DB{f, f ; h, h') instead of DB{{f, f) ; {h, h')). 

Moreover, when it is clear that h E F and h' G F', the partial deriva- 
tives DB{f, f ■ h, 0) and DB{f, f ; 0, h') of B in the directions of F 
and F' will be denoted by DB{f, f ; h) and DB{f, f ; h') respectively. 
This would not lead to the confusion. Notice that 

(11.1) DB{f^, /2 ; h, h) = DB{f\, f^ ; k) + DB{f,, f^ ; k). 

11.1.2. Tame group actions. For the definition of tame linear map- 
pings, tame smooth mapping, tame Frechet spaces, and tame Frechet 
manifolds we refer the reader to the parer of R. Hamilton [7j. In fact 
we will use the following statements about tame mappings: the compo- 
sition of tame (linear or smooth) mappings is tame, a closed subspace 
of a tame Frechet space is tame. We will also use the inverse function 
theorem for tame mappings. But we will never exploit the direct def- 
inition of a tame mapping. Thus in a certain sense the proof belongs 
to categories theory. 

Let G be a tame Lie group, i.e. a tame Frechet manifold G which has 
a groups structure such that the multiplication map fi : G x G ^ G 
and the inverse map u : G ^ G are smooth tame maps. 
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Let also X be a tame Frechct manifold and a : G x X ^ X a 
smooth tame left action of G, thus a is a smooth tame mapping. Then 
the partial derivative of a with respect to X gives rise a smooth tame 
action Ix : G x TX TX of G on the tangent bundle TX defined for 
g & G, X E X , and x G T^X by 'a{g, [x, x]) = [a{g, x), Da{g, x ; 0, x)]. 

In particular, since the left and right multiplications in G are also 
actions of G on itself, we have a left action : G x TG — > TG and a 
right action ^ : TG x G — > TG. These multiplications commute in G, 
therefore so do 'Jx and ^ . 

We will often use for such actions the following abbreviations: 

9*9i^ l^{9,9i), 9^9^1^{9,9), 9^9 = 1^^(9,9), 

g-x = a{g,x), g-^ x = ~a{g,x), 

where g, gi E G, g E TgG, x E X, and x G T^X. 

Let Ux C X be an open set, and Uq <Z G a.n open neighborhood of 
e G G. A smooth tame map a : Uq x Ux — > X is a smooth tame local 
action if a{gi,a{g2,x)) = a{gi * g2,x) provided x,a{g2,x) G X and 
gi, g2, S'l * 5'2 G Ug- If Ug — G, then the action will be called global. 

11.1.3. Combined actions of two groups. Let R be another tame Lie 
group with multiplication v : Rx R ^ R which will also be denoted by 
*, and (3 : Rx X ^ X Si, left smooth tame action of on X which we 
will write as ©. Combining the actions of R and G we get the following 
smooth tame mapping x:i?xGxX— >X defined by 

X{h, g, x) = (3(h, a(g, x))^h® (g-x). 

Let g,gi E G, h, hi E R, x E X , g E TgG, and h E T^G. Then the 
following identities can easily be verified: 

Dx{hi* h,g,x; hiT' h) = hi-^ Dx{h, g, x ; h) 
Dx{h, g*gi,x; g*rgi) = Dx{h, g, gyx ; g) 

They follow from the following ones: 

Xih * h, g, x) = hrxih, g, x), xih, g * gi, x) = x{h, g, gvx) 

by differentiating the former of them in h and the latter in g. As a 
corollary we obtain the following relation: 

(11.2) Dx{h,g,x; h^h,g^g) ^ h-^ Dx{e,e, g-x ; h,g). 
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11.2.4. Codimension of a point with respect to an action. Let X be 
an open subset of a tame Frechet space F and f E X. Then we can 
identify the tangent space TfX with F. Let also G be a tame Lie group, 
Ug an open neighborhood of e and a : Uq x X — >■ F a smooth tame 
local action. Since e-f = f, we have the following linear mapping: 

Da{eJ):T,G-^TfX = F 

obtained by differentiating a at (e, /) with respect to G. Denote its 
image by imD. Thus imD is a linear subspace of TjX. 

Definition 11.3. The number fia{f) = dim^ [TfX / imD] is called 
the codimension of f (z X with respect to the action a. 

Suppose that ^a{f) = n < oo. Thus imD is a linear subspace of 
TfX of finite codimension n. Then we can find n linearly independent 
elements 0i, . . . , 0„ G TfX which constitute a complementary basis to 
imD in TfX. Denote (f) = (0i, . . . , (/)„). 

Due to the identification TfX = F D X the addition of linear com- 
binations of (pi to elements of X is well defined. Since X is open in 
F, there is a neighborhood Ur x Ux of (0, /) in x X such that the 
following smooth tame mapping (3 : UrX Ux — > X 

n 

P{X,x) = X + Xj(f)j = X + ( A , ). 
i=i 

is well-defined for all x G Ux, and A = (Ai, . . . , A„) G Ur. 

Evidently, /? is a local action of M" near / G X. Therefore it will be 
convenient sometimes to write down P{\,x) as A©a;. Also notice that 

(11.4) L)/?(A,x; A,x) =x+ (A, 0). 

Combining the local actions a and (3 oi G and M" on Ux we obtain 
the following smooth tame mapping x '■ UrxUg ^ X ^ X defined by: 

(11.5) x(A, g, f) = aig, /)) = A © (g-f) 

for X E Ur and g E Uq- This is an analogue of the mapping x defined 
in j2Sl §8.2]. It is easy to see that 

(11.6) Dx{X, gJ;X,g) = Da{g, f ; g) + {X , (f)) 

Theorem 11.7. Let a : G x X ^ X be a smooth tame action, / G X 
a point of finite codimension n, 0i, . . . , 0„ the complementary basis to 
imD, Of and Sf the a-orbit and the a-stabilizer of f . 
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Suppose that the tangent mapping -Dx(0, e, /) : M" x T^G — > TjX at 
(0, e, /) with respect to M" x G, see Eq. (\\\.^ . has a tame linear section 

L = {U, L^) : TfX ^ M" X T^G, 

i.e. Dx{0, e, f) o L = id(TfX). Thus for every x G TjX we have 

(11.8) X = Da{e, f ; L^ix)) + { r{x) , ). 

(1) Then the natural projection p : G ^ Of is a locally trivial prin- 
cipal Sj-fihration, and 

(2) the orbit Of is a smooth tame Frechet manifold. 

For the proof of (1) it suffices to show that p admits a local section 
at /, see Corollary 111.231 To prove (2) we will show that there is a 
smooth tame embedding of a neighborhood Ux of / into some tame 
Frechet space H such that the image of the intersection OfP\ Ux is an 
open subset of some closed linear subspace of H, see Corollary 111.241 

The crucial part of the proof is the following Lemma 111.91 below. It 
follows the line of section 8.2 in [221 • 

Lemma 11.9. The restriction x '■ UrX Uq x {/} — ^ X has a smooth 
tame local section at f, i.e. there exists a neighborhood U of f in X 
and a smooth tame mapping S = {S^, S^) : Ur x Ug U such that 
Xo S = id[7, i.e. for every y E U we have 

y = XoS{y) = S^Xy)(B{S^{yyf) = S^iyYf + {S'{y) , <p). 

Remark 11.10. This lemma is a combination of Theorem 4.2.5 and 
the first part of Theorem 8.1.1]; the section S corresponds to the 
mapping Si of |23i Theorem 8.1.1]. 

Proof. We shall use the implicit function theorem for smooth tame 
mappings, see [71 Theorem III. 1.1.1]. 

We may assume that Uq and Ux are open subsets of some tame 
Frechet spaces Fq and Fx respectively. Then the tangent mapping of 
X '■ Ur X Ug — * X can be regarded as a family of tame linear mappings: 

Dx ■■ {Ur X Ug) X (M" x Fg) Fx- 

Inverse function theorem claims that x has a smooth tame local section 
provided Dx admits a smooth tame family of inverses: 

Vx : {Ur X Ug) x Fx R" x Fg- 

In other words we have to resolve smooth and tamely the following 
equation 

(11.11) x' = Dx{\,gJ; \',g') 
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with respect to A' and g'. By (lll.2|) it can be rewritten as follows 

-> X = Dxi 0, e, g-f ; -> A', g' ^g-^). 

Suppose that we can resolve the following equation smooth and tamely 
in g and A: 



(11.12) 



X = Dx{0, e, g-f ; \, g) = Da{e, g-f]g) + {\,(j)). 



i.e. there is a smooth tame mapping B = {B^, B^) : Fx x Ug 
such that 



'xF, 



G 



x = Dx{0,e,g-f; B'{x, g), B\x, g)). 
Then the solution of (lll.llj) can be given by the following formulas: 

A' = A -> B^ iX-' x\ g), g' = B^{\-' -> x', g) V g. 

Thus we are reduced to resolve ()11.12|1 . These arguments constitute 
Theorem 4.2.5. of 



Claim 11.12.1. Denote g-^ cj) = {g-^ (pi, . . . , g'^ 
a neighborhood Ue of e in Uq such that for g eU^ 



:ii.i3) 



■pn)- There is 
Daie, f ; T'^ ■ U{g-^ -> 0)) + V'^ ■ {g-^ 0), 



where Vg is a real non-singular n x n matrix which smooth and tamely 
depends on g. 



Proof. Applying (jll.8|) to g ^ (pi for each i = 1, 
following system of equations: 



, n we get the 



9' 



9 



-1 



Da{e,f; 



L^ig-'-^K 
L^ig-'-^^Pn] 



) + 



U{g-^ 
U{g-^- 



■0n) 





01 




0n, 



which can be written in a simpler form: 



:ii.i4) 



-1 



Da{eJ- L\g 



-1 



■(P)) + U\£^ 

Fa 



IS a 



Notice that U{g~^~^(p.i) is a real n-vector, whence U{g~^~^ 
real n x n-matrix. Let us denote it by Tg = U{g~^ (p). 

Evidently, is the identity matrix. Then there is a neighborhood Ue 
of e in Ug on which Tg is non-singular. Hence, if g E Ug, then ()11.14|) 
is equivalent to ()11.13|) . □ 
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Now we can complete Lemma 111.91 Let g & Ue, x & Fx- Denote 
Xi = X. Then 

X, ™ Da{e,f■La{x^)) + {L^{x^),<|)) = 



:ii.i5) 



M9(x,g) 



The expressions M^{x,g) and M^{x,g) in this formula are composi- 
tions of smooth tame mappings and therefore they are smooth tame 
themselves. 

Then from (jll.lSp we get the following representation for x: 



xi™ g-^[ Da{e, f-Ma{x,g)) + { M^{x, g),g-^-^^)] = 
B Da{e, g-f;g^ M3{x, g) V g'^) + ( M^(x, ^7) , ), 

which has the form ()11.12|1 with smooth tame g and A. This proves 
Lemma fl 1.91 Notice that we have used here (|11.2p for R = G. □ 

Since our considerations are local, we may further assume that in 
Lemma fl 1. 91 = Ug and that S is defined on all of Ux, i-e. U = Ux- 

Corollary 11.16. If g,h, and g*h G Uq, then (pi are also independent 
over the image im Da{g, h-f) of the tangent linear map 

Doi{g, h-f) : TgG ^ T^g^hyjX. 

Proof. First notice that Da{g, h-f ; g) = {g*h) Da{e, f ; gi) for some 
gi G TeG. Hence im Da{g, h-f) = {g * h) —*im.D. Thus it suffices to 
show that (pi are independent over g imD for every g & Ug- 
Suppose that for some A G M"" and g G TeG we have 

(A, 0) = g-^Da{eJ; g), 

or equivalently, (A, g^^~*(f)) = Da{e, f ; g). Then from ()11.14p it 
follows that 

{X,Tg-(f)) = {X, g''^-^(f)) - Da{e, f ; gi) = Da{e, f ; g - gi) 

for some gi G T^G. Since is non-singular for g E Uq and are 
independent over imD, it follows that Tg - are also independent over 
imD, whence A = 0. □ 
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Lemma 11.17. Let gi G Uq- Suppose that \(t) : / ^ M" and g{t) : 
I ^ Ug are smooth paths such that A(0) = 0, ^'(0) = e, and 

(11.18) \it)®{gi-f)=gityf. 

Then X{t) is in fact a constant path. In particular, A(0) = A(l) = 0. 
Proof. Differentiating ()11.18p in t we obtain: 

DP{grf,X{t)-0,X\t)) = {X^ {t) , <P) = Da(g{t)J '.g' it))- 
The right term belongs to im. Da(cj{t)., f) On the other hand, since 0, 
are independent over im Da{g{t), f), we obtain that A'(t) = for all 
t ^ I, whence X{t) is a constant path. □ 

Remark 11.19. The arguments of Lemma 111 . 1 71 are used at the end 
of the proof of [2^*, Proposition 9.2.3]. 

Lemma 11.20. (231 Proposition 9.2.2] There is a neighborhood Ue C 
Ug of e E G such that X © (g-f) € Ux H Of if and only if X = 0. 

Proof. In pS'l Proposition 9.2.2] this statement was established via sec- 
tion S2 (and only for g = e). Our proof is similar, but is in opposite 
based on the section S which is analogue of Si. 

Sufficiency. Evidently, © (g-f) = g-f E Ux C] Of. 

Necessity. Suppose that for each neighborhood Uq x Ue of (0, e) in 
M" X Ug there exist X E Uq and g, gi E Ue such that A © grf = g-f. 

We will show now that there are smooth paths X{t) : / — > M" and 
g{t) : I ^ Ug satisfying ()11.18|) and such that ^'(0) = e, ^'(1) = g, 
A(0) = 0, and A(l) = A. Then by Lemma ITTTfl we will get A = A(l) = 
A(0) = 0. 

Choose smooth paths g{t) : I ^ Ug and X{t) : / ^ R" such that 
g{0) = e, g{l) = g, A(0) = 0, and A(l) = A. Since {g, A) can be chosen 
arbitrary close to (e, 0) we may also assume that at = X(t) ®gi-f E Ux 
for all t E I. Thus x ° S{at) = at, i.e. at = X{t) © grf = S^{at) © 
S^{at)-f whence 

iXit)-S^iat))(Bgrf = S^iat)-f. 

So we may put A(t) = X{t) - S''{at) and g{t) = (a^). Then IHTm 
holds true. □ 

Corollary 11.21. If X® g-f E Ux, then ^'■(A © g-f) = X. 

Proof. Applying S to x = X Q) g-f we get 

(11.22) A©^?-/= S^ix) © S^ix)-f, 

whence by Lemma lTCT A = ^^(A © g-f). □ 
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Corollary 11.23. The projection p : Ug ^ Of has a smooth tame 
local section at f defined by h S^{h) for hEOf. 

Proof, li h = g-f G Of, then by Corollary 111.211 we obtain that 
S'-ig-f) = 0, whence by (fTr^ h = S9{h)-f. □ 

Corollary 11.24. There is a smooth tame embedding W of Ux into 
the tame Frechet space imD x x M" such that W{Of fl Ux) is a 
neighborhood of (0,0,0) in the closed linear suhspace imD x x 0. 
Hence Of admits the structure of a smooth tame Frechet manifold. 

Proof. Let h G Ux- Then h = S'^{h)®S3{h)-f = S9{h)-f+{S'{h) , 0). 
Moreover, we can decompose S^{h)-f = f + {S^{h)-f — f) via L, 
see ()11.8|1 . This gives us the following representation: 

sHhyf-f 

h = f + 'Da{e, f ; L{S'J{hyf - /)) +{L{S^{hyf - /), (l>j + {S^ih), 0). 

Wo{h) Wi{h) W2{h) 

Thus we obtain a smooth tame mapping, see Figure ITl. 251 
W = {Wo, Wi, W2):U ^ imD xWx W. 




Figure 11.25. 



It follows from the above decomposition that the following smooth 
tame mapping V : imD x x ^ Ux defined by 

V{d,fx, A) = / + rf+(/i + A,0) 

is a left inverse to W, i.e. V o W{h) = h. Hence is a tame smooth 
embedding. 

It remains to show that Wq : Of ClUx imD is a homeomorphism 
onto a neighborhood of G imD. 

Claim 11.25.1. Wo|o/nc/x '^^ injective. 
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Proof. Let hi = grf e Of nUx, i = 1,2. Then by Corollary ITT^ 
W^igrf) = S^igrf) = 0, whence g,-f = f + Wo{h,) + { W,{h,) , ). 
Suppose that Wo(^i) = ^0(^2)- Then it follows that 

gl■f = g2■f + {w^{h2)-w^{h),4>). 

Moreover, from Lemma 111.201 we also get Wi{hi) = Wi{h2). Thus 
Wi{hi) = Wi{h2) for 2 = 0, 1, 2, whence hi = /ig. □ 

Claim 11.25.2. Wo\ofnUx ^■^ and its inverse V : imD Of is 
given by the formula V{d) = S^{f + d)-f. 

Proof. Let d G imD. Then we have two representations: 

s'{f + d)-f = f + Wois^if + dyf) + {Wiis^if + dyf 
s^f + dyf = f + d - {s^{f + dyf,<p). 

The second relation is just the apphcation of 5* to f+d. Since 0i, . . . , 0„ 
are independent over imD it follows that d = Wo{S^{f + d)-f) and 

s'{f + dyf = -Wi{S3{f + dyf). □ 

This completes Corollarv 1 1 1 . 241 and Theorem 111.71 □ 

11.26. Examples of tame Frechet manifolds. We will show here 
that D(M, Sj) and C|°(M, P) (see Section P) are tame Frechet mani- 
folds. 

11.26.1. The space C^lM, N) . Let M and be smooth finite-dimensional 
manifolds such that M is compact and dN = 0. The following state- 
ment is well-known, e.g. [3 El- Nevertheless we briefly recall this 
construction. 

Lemma 11.27. e.g. [H Example 1.4.1.2 and Theorem 11.2.3.1] The 

space C^lM, N) with C°° topology is a tame Frechet manifold whose 
tangent space at a point f G C°^(M, A^) is the space S{M; f*TN) of 
sections of the pullback of the tangent bundle T*N under f . 

Proof. Fix some Riemannian metric d on A^. Then there exists a neigh- 
borhood W C TN of the zero section on which the exponential map- 
ping exp : W N X N is well-deflned. Recall that exp(x, ^) = {x, v^) , 
where a; G A^, ^ G T^N, and f ^ G A^ is the end-point of the geodesic of 
length ll^ll starting at x in the direction ^. Decreasing W if necessary, 
we can assume that exp is a diffeomorphism of W onto a neighborhood 
of the diagonal A = {(x, x) | x G A^} C N x N. 

Notice also that there exists a e > such that if a, 6 G A^ and 
d{a,b) < e, then (a, 6) G exp(W) C N x N and there is a unique 
geodesic of length d{a, b) connecting these points. 
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Let now / G C°^(M, N),Tf = {{x, f{x)) \ x e M} C M x N he the 
graph of / in M X A^, and A/" = U x x V^(/(a;)) a neighborhood of 

in M X N, where V^(/(a;)) is an open e-neighborhood of f{x) in A^. 

Let A/'e(/) be the subset of C°°(M, A^) consisting of mappings whose 
graph is included in A/". Then A/'e(/) is an open neighborhood of / 
in a strong C° Whitney topology. Suppose that g G J\fe{f)- Then 
for every x G M we have that {f{x),g{x)) G exp{W) and the points 
f{x) and g{x) are connected with a unique geodesic in N of length 
d{f {x),g{x)) < e. 

It follows that exp~-'^(/(a;), = {f {x) , ^g{x)) G VT, where ig{x) G 

Tfi^x^N . Thus gives rise a mapping g : M —>■ M x TN defined by 
g{x) = {x, f{x),^g{x)). Such a mapping can be regarded as a section 
on the pullback f*TN. 

Conversely, every smooth mapping h: M—>-MxWgMx TN of 
the form h{x) = {x, f{x),^{x)), where ^{x) G Tf(^x)N, yields a smooth 
mapping h : M ^ N defined by h{x) = exp{f{x),^{x)). 

In other words, we can identify a neighborhood of / in C°^{M,N) 
with an open subset Z of the tame Frechet space 5(M; f*TN) of sec- 
tions of f*TN. It follows that C°°{M,N) is a tame Frechet manifold 
whose tangent space at / is S{M; f*TN), see for details [71 Exam- 
ple 1.4.1.2 and Theorem II.2.3.1]. □ 

In particular, if M is closed, then the group of diffeomorphisms V{M) 
is an open subset of C°°(M, M) and therefore is a tame Frechet mani- 
fold. The tangent space to V{M) at id-M is the space 

T;a,,V{M) = S{MM*mTM) = S{M,TM) = T{M) 

of vector fields on M. 

11.27.1. The group T>{M, S). Let M be a compact manifold (possibly 
with boundary), S a discrete (possibly empty) subset of IntM, and 
V{M, E) of diffeomorphisms of M that preserve S. Let also rg{M, S) 
be the space of vector fields on M that vanish at S and are tangent to 
dM, i.e. ^(S) = and g{dM) C TdM for all g G Tq{M, E). Evidently, 
rg{M,J2) is a closed subspace of the tame Frechet space r(M) of all 
vector fields on M, and therefore is a tame Frechet space itself. 

Lemma 11.28. The group V{M, E) is a tame Frechet manifold. Its 
tangent space at id-M is Tg{M, E). 

Proof. Choose a Riemannian metric on M in which dM is totally 
geodesic, i.e. consists of full geodesies and apply the construction of 
Lemma 111.271 Then we get a mapping u from some neighborhood J\f 
of id-M in T>{M) onto a neighborhood Z of zero- vector field in r(M). 
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Suppose that g G AfnV{M, E). We claim that g = uo{g) G Tq{M, S). 

Indeed, let z G S. Since S is discrete and g is close to idAf, we may 
assume that g{z) = z, whence the geodesic connecting g{z) and z is 
just a point and therefore g{z) = 0. 

Further, if z G dM, then g{z) G dM and since dM is totally geodesic, 
we see that the geodesic connecting z and g{z) is included in dM. 
This implies that g{x) G TdM, i.e. ^ is tangent to dM. Thus G 
rg(M, E). It can also be shown that the image of u^M H V{M, S)) is 
a neighborhood of zero- vector field in rg{M, S). We leave the details 
to the reader. □ 

11.28.1. The space C^{M,P). Let M be a compact manifold, P be 
either a real line M or a circle S^, and C^{M,P) be the space of 
smooth mapping M ^ P that take constant values on the connected 
components of dM (locally constant on dM). In particular, Cq^{M, M) 
is the space of smooth functions that are locally constant on dM. It is a 
closed subspace of a tame Frechet space C°°(M, M), whence Cg^{M, R) 
is a tame Frechet space itself. 

Lemma 11.29. The space Cq^{M,P) is a tame Frechet manifold. Its 
tangent space at each point f G C^{M,P) is C^(M, R). 

Proof. Let / G Cq^{M, P). Then by Lemma [11.271 the tangent space to 
C^{M, P) at / is the space 5(M, f*TP). Since the tangent bundle TP 
is trivial (for both cases P = R or S*^), we see that f*TP ^ M x R is 
also trivial, whence TfC^{M, P) ^ S{M, f*TP) ^ C°^{M, R). Notice 
that Cg°(M, R) is a closed subspace of C°°(M, R), and therefore is a 
tame Frechet space itself. 

In particular, we can identify a neighborhood A/" of / in C°°(M, P) 
with a neighborhood Z of zero-function in C°°(M, R) via some home- 
omorphism lo : M ^ Z. For the proof of this lemma it suffices to show 
that w(C^(M,P) nA^) = C^(M,R) n Z. 

Let g G Cg'(M, P) n A/" and = u;(5() G Z. Since / and g are locally 
constant on dM, it follows that {f{x),g{x)) = {f{y),g{y)) provided 
X, y belong to same path-component of dM. Therefore, the geodesic 
connecting f{x) and g{x) also connects f{y) and g{y) (this is a tau- 
tology). Hence g{x) = g{y). Thus g is locally constant on dM, i.e. 

^gC|-(m,r). 

Conversely, ii g E M and ^ = uj{g) G C^(M, R) fl Z, then similar 
arguments show that g is locally constant on dM. □ 

11.30. Proof of Theorem 12.11 Let M be a smooth compact con- 
nected manifold, and Bi,...,Bi, all of the connected components of 
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dM. Let / G Cq'{M,P) be a Morse mapping with critical points 

Zi, . . . , Zq. 

Instead of the action of T>{M) on Cq^{M, P) it is more conve- 
nient to consider a right action a : ^'(M) x C^{M,P) C^{M,P) 
defined by: a{h, f) = foh. This action is smooth tame, has same orbits 
as and differs from by the inversion of V{M). Nevertheless, 

Theorem II 1 . 71 can also be applied to this case. 

Then the tangent mapping Da{idM, f) : Tid„P(M) ^ TfC^{M, P) 
is in fact the linear mapping D : Tq{M) — ^ C^(M, R) defined by the 
following formula: 

^(0 = ^/(0- 

Action of V{M). Due to Theorem 111.71 it suffices to find c + b 
smooth functions 7i,...,7c+;, and construct a linear tame mapping 
L = {L\L'^) : C^(M,R) -> R^+^ x Td{M) such that for each g G 
Cr(M,R) we will have: g = {U{g) , 7) + df{L^{g)). 

Let N = {U, Ui, . . . , Uc, Vi, . . . Vb} be a covering of M such that 
Ui is an open neighborhood of Zi, Vj is an open neighborhood of Bj, 
and f/i n f/J = iJi nVj = Vj nV] = 0, for i 7^ i' = 1, . . . , c and 
Jj^j' = l,...,b. 

Let = 1, . . . , c), z/j(j = 1, . . . , 6) : M [0, 1] be smooth func- 
tions that such that supp /Xj C Ui, supp z/^ G Vj, fii = 1 in a. neigh- 
borhood of Zi, and Uj = 1 in a neighborhood of Bi. Set 6 = 1 — 
- T^j^j- Then e,Hi,Vj G TfC^{M,P) = C^{M,R) constitute 
a partition of unity subordinated to the covering Af. 

Let g G C^{M,R). Then g = gO + ^^g^i + Y.j9^j- Choose some 
Riemannian metric on M and let V/ be the gradient of / with respect 
to this metric. We will show that /ij and Vj may stand for 7^. 

1) Notice that supp^ is distinct from the critical points of / and 
DM. Let F = gOj^. Then gO = df{F). 

2) Since Zi is a non-degenerate critical point of /, we can assume 
(decreasing Ui is necessary) that in some local coordinates (xi, . . . , Xm) 

n 

near 2;^ = we have j{x\, . . . , x„) = /(O) + ^ Sis x\, where Sis = ±1. 

s=l 

By Hadamard Lemma on Ui we have a representation g{x) = g{zi) + 
'Ylis^sQisix), where 'gis are some smooth functions linearly and tamely 
depending on g. 

Then the following vector field Gi = ^{Siign, ■ ■ ■ , Simgim) belongs to 
Tidj^jV{M) = Tq{M) and has a support in U. 

Hence gui = g{zi)i>i + df{Gi) and g{zi) and Gi linearly and tamely 
depend on g. 
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3) We can assume that Vj is a collar for Bj, i.e. Vj is diffeomorphic 
with Bj X [0, 1) so that Bj corresponds to Bj x and f{x,t) = Sjt + 
f{Bj), where Ej = ±1 and {x,t) G Bj x [0, 1). Then df{x,t) = Sjdt. 

Let Hj = EjUjlO, g{x,t) — g{Bj)) be a vector field on Vj (recall that 
g is constant of Bj). Then g{x,t)h'j = g{Bj)h'j + df{Hj). Again g{Bj) 
and Hj linearly and tamely depends on g. 

Thus g = df(^F + j:^G, + H,>j + giz,)^, + g{B,)i^r 

It remains to note that /ij, Uj are linearly independent, as they have 
disjoint supports. Moreover, none of them can be represented in the 
form df{F) for some vector field F G ra(M). Indeed, if F G ra(M), 
then df{F) = at each Zi (since Zi is critical) and each Bj (since F is 
tangent to Bj and / is constant on Bj), while fii{zi) = Vj{Bj) = 1. 

Action of ©(M, S/). Let V{M,Y.f) be the group of diffeomor- 
phisms of M preserving the set of critical points of /. We have to find 
cm + c + 6 functions 7/; and a tame linear map 

L = {L\ U^) : C^(M, M) ^ x Td{M, S/). 

The proof is similar to the previous case and differs from it only at step 
2). We only indicate this difference. 

2) Again on Ui we have a representation 

m m 

g{x) = g{zi) + ^g'{zi)xs + ^his{x)xs, 

s=l s=l 

where his are smooth functions that linearly and tamely depend on g 
and such that his{zi) = 0. Then a vector field Gj = ^{sishu, . . . , Sishim) 
belongs to Tid,,P(M, S^) = ra(M, S^), i.e. Gi{zi) = 0. 

Let yUjs = Xsi^i for s = 1, . . . , m. Then the functions /ij, /ij^, Vj con- 
stitute a complementary basis in C^(M, M) to df {T q{M ,11 f)) . This 
completes Theorem 12.11 □ 
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